The Quantum and Statistical Theory of Early Universe and Its Possible
  Applications to Cosmology by Shalyt-Margolin, Alex. E.
ar
X
iv
:g
r-q
c/
06
04
00
1v
1 
 1
 A
pr
 2
00
6
The Quantum and Statistical Theory
of Early Universe and Its Possible
Applications to Cosmology
Alex.E.Shalyt-Margolin ∗†
Laboratory of the Quantum Field Theory, National Center of Particles and High Energy
Physics, Bogdanovich Str. 153, Minsk 220040, Belarus
PACS: 03.65; 05.30
Keywords: fundamental length, deformed quantum-mechanical density matrix, deformed
statistical density matrix, entropy density matrix
Abstract
The subject of this study is Quantum and Statistical Mechanics of
the Early Universe.In it a new approach to investigation of these two
theories - density matrix deformation - is proposed. The distinguish-
ing feature of the proposed approach as compared to the previous
ones is the fact that here the density matrix is subjected to defor-
mation, rather than commutators or (that is the same) Heisenberg’s
Algebra. The deformation is understood as an extension of a par-
ticular theory by inclusion of one or several additional parameters
in such a way that the initial theory appears in the limiting tran-
sition.Some consequences of this approach for unitarity problem in
Early Universe,black hole entropy,information paradox problem,for
symmetry restoration in the associated deformed field model with
scalar field are proposed.
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1 Introduction
At the present time it is clear that a quantum theory of the Early Uni-
verse (Planck’s energies and energies close to the Planck’s) should be distin-
guished from the corresponding theory at the well-known energies. Specif-
ically, a quantum theory of the Early Universe should include a minimal
length. In the last few years the Early Universe has aroused considerable
interest of the researchers. This may be caused by several facts. First,
a Big Bang theory is presently well grounded and has established exper-
imental status. Second, acknowledged success of the inflation model and
its interface with high-energy physics. Third, various approaches to topical
problems of the fundamental physics, specifically to the problem of diver-
gence in a quantum theory or singularity in the General Relativity Theory,
in some or other way lead to the problem of quantum-gravitational effects
and their adequate description. And all the above aspects are related to the
Early Universe. Because of this, investigation of the Early Universe is of
particular importance. The Early Universe is understood as a Universe at
the first Planck’s moments following the Big Bang when energies and scales
were on the order of Planck’s.
In this paper a new approach to investigation of Quantum and Statistical
Mechanics of the Early Universe - density matrix deformation - is proposed.
The deformation is understood as an extension of a particular theory by
inclusion of one or several additional parameters in such a way that the
initial theory appears in the limiting transition. The most clear example is
QM being a deformation of Classical Mechanics (CM). The parameter of
deformation in this case is the Planck’s constant ~. When ~→ 0 QM goes
to Classical Mechanics.
In the first part of this article Quantum Mechanics of the Early Uni-
verse is treated as a Quantum Mechanics with Fundamental Length. This
becomes possible since different approaches to quantum gravitation exhib-
ited in the Early Universe unavoidably involve the notion of fundamental
length on the order of Planck’s (see [1] and the references). Also this is
possible due to the involvement in this theory of the Generalized Uncer-
tainty Relations. And Quantum Mechanics with Fundamental Length is
obtained as a deformation of Quantum Mechanics. The distinguishing fea-
ture of the proposed approach as compared to the previous ones is the fact
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that here the density matrix is subjected to deformation, rather than com-
mutators or (that is the same) Heisenberg’s Algebra. In this chapter the
density matrix obtained by deformation of the quantum-mechanical one is
referred to as a density pro-matrix. Within our approach two main features
of Quantum Mechanics are conserved: the probabilistic interpretation of
the theory and the well-known measuring procedure associated with this
interpretation. The proposed approach allows for description of dynam-
ics, in particular, the explicit form of deformed Liouville equation and the
deformed Shrodinger’s picture. Some implications of the obtained results
are discussed including the singularity problem, hypothesis of cosmic cen-
sorship, possible improvement of the definition for statistical entropy. It
is shown that owing to the obtained results one is enabled to deduce in
a simple and natural way the Bekenstein-Hawking formula for black hole
entropy in a semiclassical approximation. In the second part of the chap-
ter it is demonstrated that Statistical Mechanics of the Early Universe is
a deformation of the conventional Statistical Mechanics. The statistical-
mechanics deformation is constructed by analogy to the earlier quantum
mechanical results. As previously, the primary object is a density matrix,
but now the statistical one. The obtained deformed object is referred to as
a statistical density pro-matrix. This object is explicitly described, and it
is demonstrated that there is a complete analogy in the construction and
properties of quantum-mechanics and statistical density matrices at Plank
scale (i.e. density pro-matrices). It is shown that an ordinary statistical
density matrix occurs in the low-temperature limit at temperatures much
lower than the Plank’s. The associated deformation of a canonical Gibbs
distribution is given explicitly. Also consideration is being given to rigor-
ous substantiation of the Generalized Uncertainty Relations as applied in
thermodynamics. And in the third part of the chapter the results obtained
are applied to solution of the Information Paradox (Hawking) Problem. It
is demonstrated that involvement of black holes in the suggested approach
in the end twice causes nonunitary transitions resulting in the unitarity. In
parallel this problem is considered in other terms: entropy density, Heisen-
berg algebra deformation terms, respective deformations of Statistical Me-
chanics, - all showing the identity of the basic results. From this an explicit
solution for Hawking’s Informaion paradox has been derived. Besides, it
is shown that owing to the proposed approach a new small parameter is
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derived in physics, the principal features of which are its dimensionless
character and its association with all the fundamental constants. Then a
possible explanation to J.Bekenstein’s [40] problem about high entropy of
the Planck’ black-hole remainders is given in terms of the entropy density
matix, and also, proceeding from the results of R.Bousso [44], a hypothesis
concerning possible inference from the holographic principle for strong grav-
itational field is set up. In the last part of the paper it is shown that on the
basis of the above parameter the Universe may be considered as nonuniform
lattice in the finite-dimensional hypercube. Besides, possible applications
of the results are proposed. The case of spontaneous symmetry breaking
and restoration for simple Lagrangian with scalar field is considered on this
lattice in detail together with a number of inferences for cosmology.
This paper is a revised and extended version of the previous work
[90].The principal findings presented in this paper have been published in
a series of works [17],[52],[66],[67], [69],[83]. These findings were given in
greater detail in [86],[87], [88],[89].
2 Fundamental Length and Density Matrix
Using different approaches (String Theory [3], Gravitation [4], etc.), the
authors of numerous papers issued over the last 14-15 years have pointed out
that Heisenberg’s Uncertainty Relations should be modified. Specifically, a
high energy correction has to appear
△x ≥ ~△p + α
′L2p
△p
~
. (1)
Here Lp is the Planck’s length: Lp =
√
G~
c3
≃ 1, 6 10−35 m and α′ > 0 is
a constant. In [4] it was shown that this constant may be chosen equal to
1. However, here we will use α′ as an arbitrary constant without giving it
any definite value. Equation (1) is identified as the Generalized Uncertainty
Relations in Quantum Mechanics.
The inequality (1) is quadratic in △p:
α′L2p(△p)2 − ~△x△p+ ~2 ≤ 0, (2)
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from whence the fundamental length is
△xmin = 2
√
α
′
Lp. (3)
Since in what follows we proceed only from the existence of fundamental
length, it should be noted that this fact was established apart from GUR
as well. For instance, from an ideal experiment associated with Gravita-
tional Field and Quantum Mechanics a lower bound on minimal length
was obtained in [9], [10] and improved in [11] without using GUR to an
estimate of the form ∼ Lp. As reviewed previously in [1], the fundamen-
tal length appears quite naturally at Planck scale, being related to the
quantum-gravitational effects.Let us consider equation (3) in some detail.
Squaring both its sides, we obtain
(∆X̂2) ≥ 4α′L2p, (4)
Or in terms of density matrix
Sp[(ρX̂2)− Sp2(ρX̂)] ≥ 4α′L2p = l2min > 0, (5)
where X̂ is the coordinate operator. Expression (5) gives the measuring
rule used in QM.As distinct from QM,however, in the are considered here
the right-hand side of (5) can not be brought arbitrary close to zero as it is
limited by l2min > 0, where because of GUR lmin ∼ Lp.
Apparently, this may be due to the fact that QMFL is unitary non-
equivalent to QM. Actually, in QM the left-hand side of (5) can be cho-
sen arbitrary close to zero, whereas in QMFL this is impossible. But if
two theories are unitary equivalent then the form of their spurs should
be retained. Besides, a more important aspect is contributing to unitary
non-equivalence of these two theories: QMFL contains three fundamental
constants (independent parameters) G, c and ~, whereas QM contains only
one: ~. Within an inflationary model (see [12]), QM is the low-energy limit
of QMFL (QMFL turns to QM) for the expansion of the Universe.This is
identical for all cases of transition from Planck’s energies to the normal ones
[1]. In special case of using GUR, the second term in the right-hand side of
(1) vanishes and GUR turn to UR [8]. A natural way for studying QMFL is
to consider this theory as a deformation of QM, turning to QM at the low
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energy limit (during expansion of the Universe after the Big Bang). We will
consider precisely this option.In this paper, unlike the works of other au-
thors (e.g. see [6]) the density matrix is deformed rather than commutators,
whereas the fundamental fundamental quantum-mechanical measuring rule
(5) is left without changes. Here the following question may be formulated:
how should be deformed density matrix conserving quantum-mechanical
measuring rules in order to obtain self-consistent measuring procedure in
QMFL? To answer this question, we use the R-procedure. First consider
R-procedure both at the Planck’s and low-energy scales. At the Planck’s
scale a ≈ ilmin or a ∼ iLp, where i is a small quantity. Further a tends to
infinity and we obtain for density matrix [13]-[17]:
Sp[ρa2]− Sp[ρa]Sp[ρa] ≃ l2min or Sp[ρ]− Sp2[ρ] ≃ l2min/a2.
Therefore:
1. When a <∞, Sp[ρ] = Sp[ρ(a)] and Sp[ρ]− Sp2[ρ] > 0. Then
Sp[ρ] < 1 that corresponds to the QMFL case.
2. When a = ∞, Sp[ρ] does not depend on a and Sp[ρ] − Sp2[ρ] → 0.
Then Sp[ρ] = 1 that corresponds to the QM case.
Interesting,how should be interpreted 1 and 2 ? Does the above analysis
agree with the main result from [37] 1? Note the agreement is well. Indeed,
any time when the state vector reduction (R-procedure) place in QM always
an eigenstate (value) is chosen exactly. In other words, the probability is
equal to 1. As it was pointed out in statement 1, the situation changes when
we consider QMFL: it is impossible to measure coordinates exactly,they
never will be absolutely reliable. In all cases we obtain a probability less
than 1 (Sp[ρ] = p < 1). In other words, any R-procedure in QMFL leads
to an eigenvalue, but only with a probability less than 1. This probability
is as near to 1 as far the difference between measuring scale a and lmin is
growing, or in other words, the second term in (1) becomes insignificant and
we turn to QM. Here there is no contradiction with [37]. In QMFL there
are no exact coordinate eigenstates (values) as well as there are no pure
1“. . . there cannot be any physical state which is a position eigenstate since an eigen-
state would of course have zero uncertainty in position”
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states. In this paper we consider not the operator properties in QMFL as
it was done in [37] but density-matrix properties.
The properties of density matrix in QMFL and QM have to be different.
The only reasoning in this case may be as follows: QMFL must differ from
QM, but in such a way that in the low-energy limit a density matrix in
QMFL be coincident with the density matrix in QM. That is to say, QMFL
is a deformation of QM and the parameter of deformation depends on the
measuring scale. This means that in QMFL ρ = ρ(x), where x is the scale,
and for x→∞ ρ(x)→ ρ̂, where ρ̂ is the density matrix in QM.Since on the
Planck’s scale Sp[ρ] < 1, then for such scales ρ = ρ(x), where x is the scale,
is not a density matrix as it is generally defined in QM. On Planck’s scale
ρ(x) is referred to as “density pro-matrix”. As follows from the above, the
density matrix ρ̂ appears in the limit [13]-[17]:
lim
x→∞
ρ(x)→ ρ̂, (6)
when QMFL turns to QM.
Thus, on Planck’s scale the density matrix is inadequate to obtain all
information about the mean values of operators. A “deformed” density
matrix (or pro-matrix) ρ(x) with Sp[ρ] < 1 has to be introduced because
a missing part of information 1− Sp[ρ] is encoded in the quantity l2min/a2,
whose specific weight decreases as the scale a expressed in units of lmin is
going up.
3 QMFL as a deformation of QM
3.1 Main Definitions
Here we describe QMFL as a deformation of QM using the above-developed
formalism of density pro-matrix. Within it density pro-matrix should be
understood as a deformed density matrix in QMFL. As fundamental pa-
rameter of deformation we use the quantity α = l2min/x
2, where x is the
scale. The following deformation is not claimed as the only one satisfying
all the above properties. Of course, some other deformations are also pos-
sible. At the same time, it seems most natural in a sense that it allows for
minimum modifications of the conventional density matrix in QM.
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Definition 1.[13]-[17]
Any system in QMFL is described by a density pro-matrix of the form
ρ(α) =
∑
i ωi(α)|i >< i|, where
1. 0 < α ≤ 1/4.
2. Vectors |i > form a full orthonormal system;
3. Coefficients ωi(α) ≥ 0 and for all i the limit lim
α→0
ωi(α) = ωi exists;
4. Sp[ρ(α)] =
∑
i ωi(α) < 1,
∑
i ωi = 1.
5. For every operator B and any α there is a mean operator B depending
on α:
< B >α=
∑
i
ωi(α) < i|B|i > .
Finally, in order that our definition 1 be in agreement with the result of
section 2, the following condition must be fulfilled:
Sp[ρ(α)]− Sp2[ρ(α)] ≈ α. (7)
Hence we can find the value for Sp[ρ(α)] satisfying the condition of definition
1:
Sp[ρ(α)] ≈ 1
2
+
√
1
4
− α. (8)
According to statement 5 < 1 >α= Sp[ρ(α)]. Therefore, for any scalar
quantity f we have < f >α= fSp[ρ(α)]. In particular, the mean value
< [xµ, pν ] >α is equal to
< [xµ, pν ] >α= i~δµ,νSp[ρ(α)]. (9)
We denote the limit lim
α→0
ρ(α) = ρ as the density matrix. Evidently, in the
limit α→ 0 we return to QM.
As follows from definition 1, < |j >< j| >α= ωj(α), from whence the
completeness condition by α is
< (
∑
i |i >< i|) >α=< 1 >α= Sp[ρ(α)]. The norm of any vector |ψ >
assigned to α can be defined as
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< ψ|ψ >α=< ψ|(
∑
i
|i >< i|)α|ψ >=< ψ|(1)α|ψ >=< ψ|ψ > Sp[ρ(α)],
where < ψ|ψ > is the norm in QM, i.e. for α → 0. Similarly, the
described theory may be interpreted using a probabilistic approach, however
requiring replacement of ρ by ρ(α) in all formulae.
3.2 Some obvious implications
It should be noted:
I. The above limit covers both Quantum and Classical Mechanics. In-
deed, since α ∼ L2p/x2 = G~/c3x2, we obtain:
a. (~ 6= 0, x→∞)⇒ (α→ 0) for QM;
b. (~→ 0, x→∞)⇒ (α→ 0) for Classical Mechanics;
II. As a matter of fact, the deformation parameter α should assume the
value 0 < α ≤ 1. However, as seen from (8), Sp[ρ(α)] is well defined
only for 0 < α ≤ 1/4.That is if x = ilmin and i ≥ 2, then there is not
any problem. At the point where x = lmin there is a singularity related
to complex values assumed by Sp[ρ(α)] , i.e. to the impossibility of
obtaining a diagonalized density pro-matrix at this point over the field
of real numbers. For this reason definition 1 has no sense at the point
x = lmin.We will return to this question when considering singularity
and hypothesis of cosmic censorship in the following section.
III. We consider possible solutions for (7). For instance, one of the solu-
tions of (7), at least to the first order in α, is
ρ∗(α) =
∑
i
αiexp(−α)|i >< i|,
where all αi > 0 are independent of α and their sum is equal to 1. In
this way Sp[ρ∗(α)] = exp(−α). Indeed, we can easily verify that
Sp[ρ∗(α)]− Sp2[ρ∗(α)] = α +O(α2). (10)
9
The exponential ansatz for ρ∗(α) given here will be included in
subsequent sections. Note that in the momentum representation
α = p2/p2max ∼ p2/p2pl, where ppl is the Planck’s momentum. When
present in matrix elements, exp(−α) can damp the contribution of
great momenta in a perturbation theory.
IV. It is clear that within the proposed description the states with a unit
probability, i.e. pure states, can appear only in the limit α → 0,
when all ωi(α) except one are equal to zero or when they tend to zero
at this limit. In our treatment pure states are states, which can be
represented in the form |ψ >< ψ|, where < ψ|ψ >= 1.
V. We suppose that all definitions concerning a density matrix can be car-
ried over to the above-mentioned deformation of Quantum Mechanics
(QMFL) changing the density matrix ρ by the density pro-matrix ρ(α)
with subsequent passing to the low-energy limit α → 0. Specifically,
for statistical entropy we have
Sα = −Sp[ρ(α ln(ρ(α))]. (11)
The quantity of Sα seems never to be equal to zero as ln(ρ(α)) 6= 0
and hence Sα may be equal to zero at the limit α→ 0 only.
The following statements are essential for our study:
I. If we carry out a measurement at a pre-determined scale, it is im-
possible to regard the density pro-matrix as a density matrix with an
accuracy better than the limit ∼ 10−66+2n, where 10−n is the measur-
ing scale. In the majority of known cases this is sufficient to consider
the density pro-matrix as a density matrix. But at Planck’s scale,
where quantum gravitational effects and Planck’s energy levels can-
not be neglected, the difference between ρ(α) and ρ should be taken
into consideration.
II. Proceeding from the above, on Planck’s scale the notion of Wave Func-
tion of the Universe (as introduced in [18]) has no sense, and quantum
gravitation effects in this case should be described with the help of
density pro-matrix ρ(α) only.
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III. Since density pro-matrix ρ(α) depends on the measuring scale, evo-
lution of the Universe within the inflationary model paradigm [12] is
not a unitary process, or otherwise the probabilities pi = ωi(α) would
be preserved.
4 Applications of the Quantum-Mechanical
Density Pro-Matrix
In this section some apparent applications of the primary definitions and
methods derived in the previous section are given [15]-[17].
4.1 Dynamic aspects of QMFL. Deformed Liouville
equation
Let’s suppose that in QMFL a density pro-matrix has the form ρ[α(t), t],
in other words, it depends on two parameters: time t and parameter of
deformation α, which also depends on time (α = α(t)). Then, we have
ρ[α(t), t] =
∑
ωi[α(t)]|i(t) >< i(t)|. (12)
Differentiating the last expression with respect to time, we obtain
dρ
dt
=
∑
i
dωi[α(t)]
dt
|i(t) >< i(t)| − i[H, ρ(α)] = d[lnω(α)]ρ(α)− i[H, ρ(α)].
(13)
Where ln[ω(α)] is a row-matrix and ρ(α) is a column-matrix. In such a way
we have obtained a prototype of Liouville’s equation.
Let’s consider some cases of particular importance.
I. First we consider the process of time evolution at low energies, i.e.
when α ≈ 0, α(t) ≈ 0 and t→∞. Then it is clear that ωi(α) ≈ ωi ≈
constant. The first term in (13) vanishes and we obtain Liouville
equation.
II. Also we obtain the Liouville’s equation when using inflationary ap-
proach and going to large-scales. Within the inflationary approach
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the scale a ≈ eHt, where H is the Hubble’s constant and t is time.
Therefore α ∼ e−2Ht and when t is quite big α → 0. In other words,
ωi(α) → ωi, the first term in (13) vanishes and again we obtain the
Liouville’s equation.
III. At very early stage of the inflationary process or even before it took
place ωi(α) was not a constant and hense, the first term in (13) should
be taking into account. This way we obtain a deviation from the
Liouville’s equation.
IV. Finally, let us consider the case when α(0) ≈ 0, α(t) > 0 where t→∞.
In this case we are going from low-energy to high-energy scale one and
α(t) grows when t → ∞. The first term in (13) is significant and we
obtain an addition to the Liouville’s equation of the form
d[lnω(α)]ρ(α).
This could be the case when matter goes into a black hole and is
moving in direction of the singularity (to the Planck’s scale).
4.2 Singularity, entropy and information loss in black
holes
Note that remark II in section 3.2 about complex meaning assumed by the
density pro-matrix at the point with fundamental length is directly related
to the singularity problem and cosmic censorship in the General Theory of
Relativity [19]. For instance, considering a Schwarzchild’s black hole ([21])
with metrics:
ds2 = −(1− 2M
r
)dt2 +
dr2
(1− 2M
r
)
+ r2dΩ2II , (14)
we obtain a well-known a singularity at the point r = 0. In our approach this
corresponds to the point with fundamental length (r = lmin). At this point
we are not able to measure anything, since at this point α = 1 and Sp[ρ(α)]
becomes complex. Thus, we carry out a measurement, starting from the
point r = 2lmin that corresponds to α = 1/4. Consequently, the initial
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singularity r = lmin, which cannot be measured, is hidden of observation.
This could confirm the hypothesis of cosmic censorship in this particular
case. By this hypothesis ”a naked singularity cannot be observed”. Thus,
QMFL in our approach ”feels” the singularity compared with QM, that does
not [16, 17]. Statistical entropy, associated with the density pro-matrix and
introduced in the remark V section 3 is written
Sα = −Sp[ρ(α) ln(ρ(α))],
and may be interpreted as a density of entropy on the unit minimal area l2min
depending on the scale x. It could be quite big close to the singularity, i.e.
for α → 1/4. This does not contradict the second law of Thermodynamics
since maximal entropy of a specific object in the Universe is proportional
to the square of its surface A, measured in units of minimal square l2min
or Planck’s square L2p, as shown in some papers (see, for instance [22]).
Therefore, in the expanded Universe since surface A grows, entropy does
not decrease.
The obtained results enable one to consider anew the information loss
problem associated with black holes [23, 24], at least, for the case of ”mini”
black holes [16, 17]. Indeed, when we consider these black holes, Planck’s
scale is a factor. It was shown that entropy of matter absorbed by a black
hole at this scale is not equal to zero, supporting the data of R.Myers [25].
According to his results, the pure state cannot form a black hole. Then, it is
necessary to reformulate the problem per se, since so far in all publications
on information paradox zero entropy at the initial state has been compared
to nonzero entropy at the final state. According to our analysis at the
Planck’s scale there is not initial zero entropy and ”mini” black holes with
masses of the order Mpl should not radiate at all. Similar results were
deduced by A.D.Helfer[39] using another approach: ”p.1...The possibility
that non-radiating ”mini” black holes should be taken seriously; such holes
could be part of the dark matter in the Universe”. Note that in [39] the
main argument in favor of the existence of non-radiating ”mini” black holes
developed with consideration of quantum gravity effects. In our analysis
these effects are considered implicitly since,as stated above, any approach
in quantum gravity leads to the fundamental-length concept [1]. Besides,
it should be noted that in some recent papers for all types of black holes
QMFL with GUR is considered from the start [27],[49]. By this approach
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stable remnants with masses of the order of Planck’s onesMpl emerge during
the process of black hole evaporation. From here it follows that black holes
should not evaporate fully. We arrive to the conclusion that results given in
[21, 28] are correct only in the semi-classical approximation and they should
not be applicable to the quantum back hole analysis.
At least at a qualitative level the above results can clear up the answer
to the question, how information may be lost at big black holes formed
due to the star collapse. Our point of view is close to that of R.Penrose’s
one [29] who considers that information in black holes is lost when matter
meets a singularity. In our approach information loss takes place in the
same form. Indeed, near the horizon of events an approximately pure state
with the initial entropy practically equal to zero Sin = −Sp[ρ ln(ρ)], that
corresponds to α → 0, when approaching a singularity (of reaching the
Planck’s scale) gives yet non zero entropy Sα = −Sp[ρ(α) ln(ρ(α))] > 0
for α > 0. Therefore, entropy increases and information is lost in this
black hole. We can (at the moment, at a qualitative level) evaluate the
entropy of black holes. Actually, starting from a density matrix for the
pure state at the ”entry” to a black hole ρin = ρpure with zero entropy
Sin = 0, we obtain with a straightforward ”naive” calculation (that is (7) is
considered an exact relation). Then,for the singularity in the black hole the
corresponding entropy of the density pro-matrix Sp[ρout] = 1/2 at α = 1/4
is
Sout = S1/4 = −1/2 ln 1/2 ≈ 0.34657.
Taking into account that total entropy of a black hole is proportional to the
quantum area of surface A, measured in Planck’s units of area L2p [30], we
obtain the following value for quantum entropy of a black hole:
SBH = 0.34657
A
L2p
(15)
This formula differs from the well-known one given by Bekenstein-Hawking
for black hole entropy SBH =
1
4
A
L2p
[31]. This result was obtained in the
semi-classical approximation. At the present moment quantum corrections
to this formula are an object of investigation [32]. As it was mentioned
above we carry out straightforward calculation. Otherwise, using the ansatz
of statement remark III in section 3 and assuming that spur of density pro-
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matrix is equal to Sp[ρ∗(α)] = exp(−α), we obtain for α = 1/4 that entropy
is equal to
S∗out = S∗1/4 = −Sp[exp(−1/4) ln exp(−1/4)] ≈ 0.1947,
and consequently we arrive to the following value of entropy
SBH = 0.1947
A
L2p
(16)
that is the closest the result obtained in [32]. Our approach leading to
formula (16) is from the very beginning based on quantum nature of black
holes. Note here that in the approaches used up to now to modify Liouville’s
equation due to information paradox [33] the added member appearing in
the right side of (13) takes the form
−1
2
∑
ξγ 6=0
(QγQξρ+ ρQγQξ − 2QξρQγ),
where Qξ is a full orthogonal set of Hermitian matrices with Q0 = 1. In this
case either locality or conservation of energy-impulse tensor is broken down.
By the approach offered in this paper the member added in the deformed
Liouville’s equation,in our opinion, has a more natural and beautiful form:
d[lnω(α)]ρ(α).
In the limit α → 0 all properties of QM are conserved, the added member
vanishes and we obtain Liouville’s equation.
The information paradox problem at black holes is considered in greater
detail in section 7, where the above methods provide a new approach to this
problem.
4.3 Bekenstein-Hawking formula
The problem is whether can the well-known semiclassical Bekenstein-
Hawking formula for Black Hole entropy [30],[49] can be obtained within
the proposed approach ? We show how to do it [17]. To obtain black
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hole quantum entropy, we use the formula Sα = −Sp[ρ(α) ln(ρ(α))] = − <
ln(ρ(α)) >α when α takes its maximal meaning (α = 1/4). In this case (15)
and (16) can be written as
SBH = − < ln(ρ(1/4)) >1/4 A
L2p
, (17)
for different ρ(α) in (15) and (16) but for the same value of α (α = 1/4).
Semiclassical approximation works only at large-scales, therefore measuring
procedure is also defined at large scales. In other words, all mean values
must be taken when α = 0. However, for the operators whose mean val-
ues are calculated the dependence on α should be taken into account since
according to the well-known Hawking’s paper [22], operator of superscat-
tering $ translates $ : ρin 7→ ρout, where in the case considered ρin = ρpure
and ρout = ρ
∗
pure(α) = exp(−α)ρpure = exp(−1/4)ρpure conforming to the
exponential ansatz of statement III, section 3. Therefore we have
Ssemiclassα = − < ln(ρ(α)) >
and formula for semiclassical entropy of a black hole takes the form
SsemiclassBH = − < ln(ρ(1/4)) >
A
L2p
= − < ln[exp(−1/4)]ρpure > A
L2p
=
1
4
A
L2p
(18)
that coincides with the well-known Bekenstein-Hawking formula. It should
be noted that α = 1/4 in our approach appears in section 3 quite naturally
as a maximal meaning for which Spρ(α) still stays real, according to (7)
and (8). Apparently, if considering corrections of order higher than 1 on α,
then members from O(α2) in the formula for ρout in (10) can give quantum
corrections [32] for SsemiclassBH (18) in our approach.
4.4 Some comments on Shro¨dinger’s picture
As it was indicated above in the statement 1 section 3.2, we are able to
obtain from QMFL two limits: Quantum and Classical Mechanics. The
deformation described here should be understood as ”minimal” in the
sense that we have deformed only the probability ωi → ωi(α), whereas
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the state vectors have been not deformed. In a most complete treatment
we have to consider vectors |i(α) >< i(α)| instead |i >< i|, and in this
case the full picture will be very complicated. It is easy to understand
how Shrodinger’s picture is transformed in QMFL [17]. The prototype
of Quantum Mechanical normed wave function ψ(q) with
∫ |ψ(q)|2dq = 1
in QMFL is θ(α)ψ(q). The deformation parameter α assumes the value
0 < α ≤ 1/4. Its properties are |θ(α)|2 < 1,lim
α→0
|θ(α)|2 = 1 and the rela-
tion |θ(α)|2 − |θ(α)|4 ≈ α takes place. In such a way the full probability
always is less than 1: p(α) = |θ(α)|2 = ∫ |θ(α|2|ψ(q)|2dq < 1 tending to 1
when α→ 0. In the most general case of arbitrarily normed state in QMFL
ψ = ψ(α, q) =
∑
n anθn(α)ψn(q) with
∑
n |an|2 = 1 the full probability is
p(α) =
∑
n |an|2|θn(α)|2 < 1 and limα→0 p(α) = 1.
It is natural that in QMFL Shrodinger’s equation is also deformed. It
is replaced by equation
∂ψ(α, q)
∂t
=
∂[θ(α)ψ(q)]
∂t
=
∂θ(α)
∂t
ψ(q) + θ(α)
∂ψ(q)
∂t
, (19)
where the second term in the right side generates the Shrodinger’s equation
since
θ(α)
∂ψ(q)
∂t
=
−iθ(α)
~
Hψ(q). (20)
Here H is the Hamiltonian and the first member is added, similarly to
the member appearing in the deformed Loiuville’s equation and vanishing
when θ[α(t)] ≈ const. In particular, this takes place in the low energy limit
in QM, when α → 0. Note that the above theory is not a time-reversal
as QM, since the combination θ(α)ψ(q) breaks down this property in the
deformed Shrodinger’s equation. Time-reversal is conserved only in the low
energy limit, when quantum mechanical Shrodinger’s equation is valid.
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5 Density Matrix Deformation in Statistical
Mechanics of Early Universe
5.1 Main definition and properties
First we revert to the Generalized Uncertainty Relations ”coordinate - mo-
mentum” (section 2,formula (1)) :
△x ≥ ~△p + α
′L2p
△p
~
. (21)
Using relations (21) it is easy to obtain a similar relation for the ”energy -
time” pair. Indeed (21) gives
∆x
c
≥ ~
∆pc
+ α′L2p
∆p
c~
, (22)
then
∆t ≥ ~
∆E
+ α′
L2p
c2
∆pc
~
=
~
∆E
+ α′t2p
∆E
~
. (23)
where the smallness of Lp is taken into account so that the difference be-
tween ∆E and ∆(pc) can be neglected and tp is the Planck time tp = Lp/c =√
G~/c5 ≃ 0, 54 10−43sec. From whence it follows that we have a maximum
energy of the order of Planck’s:
Emax ∼ Ep
Proceeding to the Statistical Mechanics, we further assume that an internal
energy of any ensemble U could not be in excess of Emax and hence tem-
perature T could not be in excess of Tmax = Emax/kB ∼ Tp. Let us consider
density matrix in Statistical Mechanics (see [50], Section 2, Paragraph 3):
ρstat =
∑
n
ωn|ϕn >< ϕn|, (24)
where the probabilities are given by
ωn =
1
Q
exp(−βEn)
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and
Q =
∑
n
exp(−βEn).
Then for a canonical Gibbs ensemble the value
∆(1/T )2 = Sp[ρstat(
1
T
)2]− Sp2[ρstat( 1
T
)], (25)
is always equal to zero, and this follows from the fact that Sp[ρstat] = 1.
However, for very high temperatures T ≫ 0 we have ∆(1/T )2 ≈ 1/T 2 ≥
1/T 2max. Thus, for T ≫ 0 a statistical density matrix ρstat should be de-
formed so that in the general case [51, 52]
Sp[ρstat(
1
T
)2]− Sp2[ρstat( 1
T
)] ≈ 1
T 2max
, (26)
or
Sp[ρstat]− Sp2[ρstat] ≈ T
2
T 2max
. (27)
In this way ρstat at very high T ≫ 0 becomes dependent on the parameter
τ = T 2/T 2max, i.e. in the most general case
ρstat = ρstat(τ)
and
Sp[ρstat(τ)] < 1
and for τ ≪ 1 we have ρstat(τ) ≈ ρstat (formula (24)) .
This situation is identical to the case associated with the deformation pa-
rameter α = l2min/x
2 of QMFL given in section 3. That is the condition
Sp[ρstat(τ)] < 1 has an apparent physical meaning when:
I. At temperatures close to Tmax some portion of information about the
ensemble is inaccessible in accordance with the probability that is less
than unity, i.e. incomplete probability.
II. And vice versa, the longer is the distance from Tmax (i.e. when approx-
imating the usual temperatures), the greater is the bulk of information
and the closer is the complete probability to unity.
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Therefore similar to the introduction of the deformed quantum-mechanics
density matrix in section 3 we give the following
Definition 2. (Deformation of Statistical Mechanics)[51, 52, 53]
Deformation of Gibbs distribution valid for temperatures on the order of
the Planck’s Tp is described by deformation of a statistical density matrix
(statistical density pro-matrix) of the form
ρstat(τ) =
∑
n
ωn(τ)|ϕn >< ϕn|
having the deformation parameter τ = T 2/T 2max, where
I. 0 < τ ≤ 1/4.
II. The vectors |ϕn > form a full orthonormal system;
III. ωn(τ) ≥ 0 and for all n at τ ≪ 1 we obtain ωn(τ) ≈ ωn =
1
Q
exp(−βEn) In particular, lim
Tmax→∞(τ→0)
ωn(τ) = ωn
IV. Sp[ρstat] =
∑
n ωn(τ) < 1,
∑
n ωn = 1;
V. For every operator B and any τ there is a mean operator B depending
on τ
< B >τ=
∑
n
ωn(τ) < n|B|n > .
Finally, in order that our Definition 2 agree with the formula (27), the
following condition must be fulfilled:
Sp[ρstat(τ)]− Sp2[ρstat(τ)] ≈ τ. (28)
Hence we can find the value for Sp[ρstat(τ)] satisfying the condition of Def-
inition 2 (similar to Definition 1):
Sp[ρstat(τ)] ≈ 1
2
+
√
1
4
− τ . (29)
It should be noted:
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I. The condition τ ≪ 1 means that T ≪ Tmax either Tmax = ∞ or
both in accordance with a normal Statistical Mechanics and canonical
Gibbs distribution (24)
II. Similar to QMFL in Definition 1, where the deformation parameter
α should assume the value 0 < α ≤ 1/4. As seen from (29), here
Sp[ρstat(τ)] is well defined only for 0 < τ ≤ 1/4. This means that the
feature occurring in QMFL at the point of the fundamental length x =
lmin in the case under consideration is associated with the fact that
highest measurable temperature of the ensemble is always
T ≤ 1
2
Tmax.
III. The constructed deformation contains all four fundamental constants:
G, ~, c, kB as Tmax = ςTp,where ς is the denumerable function of α
′
(21)and Tp, in its turn, contains all the above-mentioned constants.
IV. Again similar to QMFL, as a possible solution for (28) we have an
exponential ansatz
ρ∗stat(τ) =
∑
n
ωn(τ)|n >< n| =
∑
n
exp(−τ)ωn|n >< n|
Sp[ρ∗stat(τ)]− Sp2[ρ∗stat(τ)] = τ +O(τ 2). (30)
In such a way with the use of an exponential ansatz (30) the defor-
mation of a canonical Gibbs distribution at Planck scale (up to factor
1/Q) takes an elegant and completed form:
ωn(τ) = exp(−τ)ωn = exp(− T
2
T2
max
− βEn) (31)
where Tmax = ςTp
5.2 Some implications
Using in this section only the exponential ansatz of (30), in the coordinate
representation we have the following:
ρ(x, x′, τ) =
∑
i
1
Q
e−βEi−τϕi(x)ϕ
∗
i (x
′) (32)
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However, as H | ϕi >= Ei | ϕi >, then
ρ(β, τ) =
1
Q
∑
i
e−βH−τ | ϕi >< ϕi |= e
−βH−τ
Q
, (33)
where Q =
∑
i e
−βEi = Spe−βH . Consequently,
ρ(β, τ) =
e−βH−τ
Spe−βH
(34)
In this way the ”deformed” average energy of a system is obtained as
Uτ = Spρ(τ)H =
He−βH−τ
Spe−βH
(35)
The calculation of ”deformed” entropy is also a simple task. Indeed, in the
general case of the canonical Gibbs distribution the probabilities are equal
to
Pn =
1
Q
e−βEn (36)
Nevertheless, in case under consideration they are ”replenished” by exp(−τ)
factor and hence are equal to
P τn =
1
Q
e−(τ+βEn). (37)
Thus, a new formula for entropy in this case is as follows:
Sτ = −kBe−τ
∑
n
Pn(lnPn − τ) (38)
It is obvious that lim
τ→0
Sτ = S, where S - entropy of the canonical ensemble,
that is a complete analog of its counterpart in quantum mechanics at the
Planck scale lim
α→0
Sα = S, where S - statistical entropy in quantum mechan-
ics, and deformation parameter τ is changed by α of section 3.
Given the average energy deformation in a system Uτ and knowing the
entropy deformation, one is enabled to calculate the ”deformed” free energy
Fτ as well:
Fτ = Uτ − TSτ (39)
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Consider the counterpart of Liouville equation [50] for the unnormed ρ(β, τ)
(34):
−∂ρ(β, τ)
∂β
= − ∂
∂β
e−τ−βH , (40)
where
τ =
T 2
T 2max
=
β2max
β2
,
where βmax = 1/kBTmax ∼ 1/kBTP ≡ βP , τ = τ(β). Taking this into
consideration and expanding the right-hand side of equation (40), we get
deformation of Liouville equation further referred to as τ -deformation:
−∂ρ(β, τ)
∂β
= −e−τ ∂τ
∂β
+ e−τHρ(β) = e−τ [Hρ(β)− ∂τ
∂β
], (41)
where ρ(β) = ρ(β, τ = 0). The first term in brackets (41) generates Liouville
equation. Actually, taking the limit of the left and right sides (41) for τ → 0,
we derive the normal Liouville equation for ρ(β) in statistical mechanics [50]:
−∂ρ(β)
∂β
= Hρ(β) (42)
By this means we obtain a complete analog of the quantum-mechanical re-
sults for the associated deformation of Liouville equation derived in section
4.1 and [15]-[17]. Namely:
(1)Early Universe (scales approximating those of the Planck’s, original sin-
gularity, τ > 0). The density pro-matrix ρ(β, τ) is introduced and a τ -
deformed Liouville equation(41), respectively;
(2)after the inflation extension (well-known scales, τ ≈ 0) the normal den-
sity matrix ρ(β) appears in the limit lim
τ→0
ρ(β, τ) = ρ(β). τ - deformation of
Liouville equation (41) is changed by a well-known Liouville equation(42);
(3)and finally the case of the matter absorbed by a black hole and its ten-
dency to the singularity. Close to the black hole singularity both quantum
and statistical mechanics are subjected to deformation as they do in case of
the original singularity [15]-[17]. Introduction of temperature on the order
of the Planck’s [54],[55] and hence the deformation parameter τ > 0 may
be taken as an indirect evidence for the fact. Because of this, the case is
associated with the reverse transition from the well-known density matrix
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in statistical mechanics ρ(β) to its τ -deformation ρ(β, τ) and from Liouville
equation(42) to its τ -deformation (41).
6 Generalized Uncertainty Relation in Ther-
modynamics
Now we consider the thermodynamic uncertainty relations between the in-
verse temperature and interior energy of a macroscopic ensemble
∆
1
T
≥ k
∆U
, (43)
where k is the Boltzmann constant.
N.Bohr [56] and W.Heisenberg [57] first pointed out that such kind of
uncertainty principle should take place in thermodynamics. The thermody-
namic uncertainty relations (43) were proved by many authors and in various
ways [58]. Therefore their validity does not raise any doubts. Nevertheless,
relation (43) was established using a standard model for the infinite-capacity
heat bath encompassing the ensemble. But it is obvious from the above in-
equalities that at very high energies the capacity of the heat bath can no
longer be assumed infinite at the Planck scale. Indeed, the total energy
of the pair heat bath - ensemble may be arbitrary large but finite, merely
as the Universe is born at a finite energy. Thus the quantity that can be
interpreted as a temperature of the ensemble must have the upper limit and
so does its main quadratic deviation. In other words the quantity ∆(1/T )
must be bounded from below. But in this case an additional term should
be introduced into (43)[59, 60, 52]
∆
1
T
≥ k
∆U
+ η∆U, (44)
where η is a coefficient. Dimension and symmetry reasons give
η ∼ k
E2p
or η = α′
k
E2p
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As in the previous cases inequality (44) leads to the fundamental (inverse)
temperature.
Tmax =
~
2
√
α′tpk
=
~
∆tmink
, βmin =
1
kTmax
=
∆tmin
~
(45)
It should be noted that the same conclusion about the existence of maximal
temperature in Nature can be made also considering black hole evaporation
[61].
Thus, we obtain the system of generalized uncertainty relations in the
symmetric form 

∆x ≥ ~∆p + α
′
(
∆p
Ppl
)
~
Ppl
+ ...
∆t ≥ ~∆E + α′
(
∆E
Ep
)
~
Ep
+ ...
∆ 1T ≥
k
∆U + α
′
(
∆U
Ep
)
k
Ep
+ ...
(46)
or in the equivalent form

∆x ≥ ~∆p + α′L2p
∆p
~
+ ...
∆t ≥ ~∆E + α′t2p
∆E
~
+ ...
∆ 1T ≥
k
∆U + α
′ 1
T 2p
∆U
k
+ ...
(47)
where dots mean the existence of higher order corrections as in [35]. Here
Tp is the Planck temperature: Tp =
Ep
k
.
In conclusion of this section we would like to note that the restriction
on the heat bath made above makes the equilibrium partition function non-
Gibbsian [62].
Note that the last-mentioned inequality is symmetrical to the second
one with respect to substitution [63]
t 7→ 1
T
, ~ 7→ k,△E 7→ △U.
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However this observation can by no means be regarded as a rigorous proof
of the generalized uncertainty relation in thermodynamics.
There is reason to believe that rigorous justification for the latter (ther-
modynamic) inequalities in systems (46) and (47) may be made by means
of a certain deformation of Gibbs distribution. One of such deformations
that, by the author’s opinion, is liable to give the indicated result has been
considered in the previous section of this chapter and in some other papers
[51, 52].
7 Non-Unitary and Unitary Transitions in
Generalized Quantum Mechanics and In-
formation Problem Solving
In this section the earlier obtained results are used for the unitarity study
in Generalized Quantum Mechanics and Information Paradox Problem
[23],[21],[24]. It is demonstrated that the existence of black holes in the
suggested approach in the end twice causes nonunitary transitions result-
ing in the unitarity. In parallel this problem is considered in other terms:
entropy density, Heisenberg algebra deformation terms, respective deforma-
tions of Statistical Mechanics, - all showing the identity of the basic results.
From this an explicit solution for Information Paradox Problem has been
derived. This section is based on the results presented in [64, 65, 66]
7.1 Some comments and unitarity in QMFL
As has been indicated in section 4.4, time reversal is retained in the large-
scale limit only. The same is true for the superposition principle in Quantum
Mechanics. Indeed, it may be retained in a very narrow interval of cases for
the functions ψ1(α, q) = θ(α)ψ1(q) ψ2(α, q) = θ(α)ψ2(q) with the same value
θ(α). However, as for all θ(α), their limit is lim
α→0
|θ(α)|2 = 1 or equivalently
lim
α→0
|θ(α)| = 1, in going to the low-energy limit each wave function ψ(q)
is simply multiplied by the phase factor θ(0). As a result we have Hilbert
Space wave functions in QM. Comparison of both pictures (Neumann’s and
Shro¨dinger’s) is indicative of the fact that unitarity means the retention of
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the probabilities ωi(α) or retention of the squared modulus (and hence the
modulus) for the function θ(α): |θ(α)|2,(|θ(α)|).That is
dωi[α(t)]
dt
= 0
or
d|θ[α(t)]|
dt
= 0.
In this way a set of unitary transformations of QMFL includes a group U
of the unitary transformations for the wave functions ψ(q) in QM.
It is seen that on going from Planck’s scale to the conventional one ,
i.e. on transition from the Early Universe to the current one, the scale has
been rapidly changing in the process of inflation expansion and the above
conditions failed to be fulfilled:
dωi[α(t)]
dt
6= 0, d|θ[α(t)]|
dt
6= 0. (48)
In terms of the density pro-matrices of sections 2,3 this is a limiting transi-
tion from the density pro-matrix in QMFL ρ(α),α > 0 , that is a prototype
of the pure state at α → 0 to the density matrix ρ(0) = ρ representing a
pure state in QM. Mathematically this means that a nontotal probability
(below 1) is changed by the total one (equal to 1). For the wave functions in
Schro¨dinger picture this limiting transition from QMFL to QM is as follows:
lim
α→0
θ(α)ψ(q) = ψ(q)
up to the phase factor.
It is apparent that the above transition from QMFL to QM is not a
unitary process, as indicated in [13]-[17] and section 3.2. However, the
unitarity may be recovered when we consider in a sense a reverse process:
absorption of the matter by a black hole and its transition to singularity
conforming to the reverse and nonunitary transition from QM to QMFL.
Thus, nonunitary transitions occur in this picture twice:
I.(QMFL,OS, α ≈ 1/4) Big Bang−→ (QM,α ≈ 0)
II.(QM,α ≈ 0) absorbing BH−→ (QMFL, SBH, α ≈ 1/4).
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Here the following abbreviations are used: OS for the Origin Singularity;
BH for a Black Hole; SBH for the Singularity in Black Hole.
As a result of these two nonunitary transitions, the total unitarity may
be recovered:
III.(QMFL,OS, α ≈ 1/4)−→(QMFL, SBH, α ≈ 1/4).
In such a manner the total information quantity in the Universe remains
unchanged, i.e. no information loss occurs.
In terms of the deformed Liouville equation [15]-[17] and section 4.1 we
arrive to the expression with the same right-hand parts for tinitial ∼ tP lanck
and tfinal (for α ≈ 1/4).
dρ[α(t), t]
dt
=
∑
i
dωi[α(t)]
dt
|i(t) >< i(t)| −
−i[H, ρ(α)] = d[lnω(α)]ρ(α)− i[H, ρ(α)]. (49)
It should be noted that for the closed Universe one can consider Final Sin-
gularity (FS) rather than the Singularity of Black Hole (SBH), and then
the right-hand parts of diagrams II and III will be changed:
IIa.(QM,α ≈ 0) Big Crunch−−−−−−−−→ (QMFL, FS, α ≈ 1/4),
IIIa.(QMFL,OS, α ≈ 1/4)−→(QMFL, FS, α ≈ 1/4)
At the same time, in this case the general unitarity and information are
still retained, i.e. we again have the ”unitary” product of two ”nonunitary”
arrows:
IV.(QMFL,OS, α ≈ 1/4) Big Bang−→ (QM,α ≈ 0) Big Crunch−→
(QMFL, FS, α ≈ 1/4).
Finally, arrow III may appear directly, i.e. without the appearance of ar-
rows I and II, when in the Early Universe mini BH are arising:
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IIIb.(QMFL,OS, α ≈ 1/4)−→(QMFL,mini BH, SBH, α ≈ 1/4).
Note that here, unlike the previous cases, a unitary transition occurs imme-
diately, without any additional nonunitary ones, and with retention of the
total information.
Another approach to the information paradox problem associated with the
above-mentioned methods (density matrix deformation) is the introduction
and investigation of a new value, namely entropy density per minimum unit
area. This approach is described in the following subsection.
7.2 Entropy density matrix and information loss
problem
In [13]-[17] the authors were too careful, when introducing for density pro-
matrix ρ(α) the value Sα generalizing the ordinary statistical entropy:
Sα = −Sp[ρ(α) ln(ρ(α))] = − < ln(ρ(α)) >α .
In [16],[17] it was noted that Sα means the entropy density on a minimum
unit area depending on the scale. In fact a more general concept accepts
the form of the entropy density matrix [64]:
Sα1α2 = −Sp[ρ(α1) ln(ρ(α2))] = − < ln(ρ(α2)) >α1 , (50)
where 0 < α1, α2 ≤ 1/4.
Sα1α2 has a clear physical meaning: the entropy density is computed on the
scale associated with the deformation parameter α2 by the observer who is
at a scale corresponding to the deformation parameter α1. Note that with
this approach the diagonal element Sα = S
α
α ,of the described matrix S
α1
α2
is
the density of entropy, measured by the observer who is at the same scale
as the measured object associated with the deformation parameter α. In
[23] and section 4.3 such a construction was used implicitly in derivation of
the semiclassical Bekenstein-Hawking formula for the Black Hole entropy:
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a) for the initial (approximately pure) state
Sin = S
0
0 = 0,
b) using the exponential ansatz(10),we obtain:
Sout = S
0
1
4
= − < ln[exp(−1/4)]ρpure >= − < ln(ρ(1/4)) >= 1
4
.
So increase in the entropy density for an external observer at the large-scale
limit is 1/4. Note that increase of the entropy density(information loss) for
the observer crossing the horizon of the black hole’s events and moving with
the information flow to singularity will be smaller:
Sout = S
1
4
1
4
= −Sp(exp(−1/4)ln[exp(−1/4)]ρpure)
= − < ln(ρ(1/4)) > 1
4
≈ 0.1947
It is clear that this fact may be interpreted as follows: for the observer
moving together with information its loss can occur only at the transition
to smaller scales, i.e. to greater deformation parameter α.
Now we consider the general Information Problem. Note that with the
well-known Quantum Mechanics (QM) the entropy density matrix Sα1α2 (50)
is reduced only to one element S00 . So we can not test anything. More-
over, in previous works relating the quantum mechanics of black holes and
information paradox [23],[21],[24] the initial and final states when a particle
hits the hole are treated proceeding from different theories (QM and QMFL
respectively), as was indicated in diagram II:
(Large-scale limit, QM, density matrix)→ (Black Hole, singularity, QMFL,
density pro-matrix).
Of course in this case any conservation of information is impossible as these
theories are based on different concepts of entropy. Simply saying, it is
incorrect to compare the entropy interpretations of two different theories
(QM and QMFL)where this notion is originally differently understood. So
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the chain above must be symmetrized by accompaniment of the arrow on
the left ,so in an ordinary situation we have a chain (diagram III):
(Early Universe, origin singularity, QMFL, density pro-matrix) →
(Large-scale limit, QM, density matrix)→ (Black Hole, singularity, QMFL,
density pro-matrix).
So it’s more correct to compare entropy close to the origin and final (Black
hole) singularities. In other words, it is necessary to take into account not
only the state, where information disappears, but also that whence it ap-
pears. The question arises, whether in this case the information is lost for
every separate observer. For the event under consideration this question
sounds as follows: are the entropy densities S(in) and S(out) equal for every
separate observer? It will be shown that in all conceivable cases they are
equal.
1) For the observer in the large-scale limit (producing measurements in
the semiclassical approximation) α1 = 0
S(in) = S01
4
(Origin singularity)
S(out) = S01
4
(Singularity in Black Hole)
So S(in) = S(out) = S01
4
. Consequently, the initial and final densities
of entropy are equal and there is no information loss.
2) For the observer moving together with the information flow in the general
situation we have the chain:
S(in)→ S(large− scale)→ S(out),
where S(large−scale) = S00 = S. Here S is an ordinary entropy of Quantum
Mechanics(QM), but S(in) = S(out) = S
1
4
1
4
,- value considered in QMFL. So
in this case the initial and final densities of entropy are equal without any
loss of information.
3) This is a special case of 2), when we do not leave out of the Early Uni-
verse considering the processes with the participation of black mini-holes
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only. In this case the originally specified chain becomes shorter by one sec-
tion (diagram IIIb):
(Early Universe, origin singularity, QMFL, density pro-matrix)→ (Black
Mini-Hole, singularity, QMFL, density pro-matrix),
and member S(large − scale) = S00 = S disappears at the correspond-
ing chain of the entropy density associated with the large-scale:
S(in)→ S(out),
It is, however, obvious that in case S(in) = S(out) = S
1
4
1
4
the density of
entropy is preserved. Actually this event was mentioned in [17],where from
the basic principles it has been found that black mini-holes do not radiate,
just in agreement with the results of other authors [26],[39],[37].
As a result, it’s possible to write briefly
S(in) = S(out) = Sα1
4
,
where α - any value in the interval 0 < α ≤ 1/4.
Actually our inferences are similar to those of section 4.1 in terms of the
Liouville’s equation deformation:
dρ
dt
=
∑
i
dωi[α(t)]
dt
|i(t) >< i(t)| − i[H, ρ(α)] = d[lnω(α)]ρ(α)− i[H, ρ(α)].
The main result of this section is a necessity to account for the member
d[lnω(α)]ρ(α),deforming the right-side expression of α ≈ 1/4.
It is important to note the following.
Different approaches are taken to the information loss problem and unitarity
violation in the black holes. In this section a problem of R.Penroze is
approached first. As indicated in section 4.2, just R.Penroze in [28] has
demonstrated that information in the black hole may be lost and unitarity
may be violated because of the singularity. Now in this section we point [67]
to a possibility for solving the problem in principle positively with the use
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of the canonical Hawking approach [23],[24], i.e. for information losses
near the horizon of events of the black hole. And independently of the
results presented in [23],[24] from the developed formalism it follows that the
state measured near the horizon of events is always mixed. In [23],[24],[21]
this is established in view of thermal radiation exhibited by the black hole.
However, in the last few years the fact of the existence of such a radiation
is open to dispute (e.g., see [37]). Therefore, we exclude this fact from our
consideration. Using the developed formalism, one is enabled to arrive to
this result with the above-mentioned entropy density matrix. Actually, in
recent works (e.g., [37],[38]), it has been shown that near the horizon of
events the quantum-gravitational effects are considerable. Proceeding from
the entropy density matrix, this means that for the matrix element Sα1α2 we
always have α2 > 0 as the quantum-gravitational effects are affecting small
scales only.
Now we analyze a random matrix element Sα1α2 . Obviously, this element may
be zero only for the case when ρ(α2) is a pure state measured in QM, i.e.
α2 ≈ 0. A partial case of this situation has been considered in [23], where
α1 = α2 ≈ 0 and hence ρ(α1) = ρ(α2) = ρin with zero entropy
S00 = −Sp[ρin ln(ρin)] = 0. (51)
Actually, this is the initial state entropy measured in the original statement
of the information paradox problem [23],[24],[21]
Sin = S00 = −Sp[ρin ln(ρin)] = −Sp[ρpure ln(ρpure)] = 0. (52)
The question is, what can be measured by an observer at the exit for ρout,
when all measurements are performed in QM, i.e. when we have at hand
only one deformation parameter α1 ≈ 0? Simply this means that in QMFL
due to the quantum-gravitational effects at a horizon of the above events in
the black hole [37],[38] leads to:
Sout = Sα2α2 = −Sp[ρout ln(ρout)] = −Sp[ρα2 ln(ρα2)] 6= 0 (53)
for some α2 > 0,unapproachable in QM, is conforming to a particular mixed
state in QM with the same entropy
Sout = −Sp[ρout ln(ρout)] = −Sp[ρmix ln(ρmix)] 6= 0. (54)
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It should be emphasized that a mixed state in (54) will be not uniquely
defined. Of course, in this statement there is information loss, since
∆S = Sout − Sin > 0. (55)
However, as shown in [64],[66], it will be more correct to consider the state
close to the origin singularity (or in the early Universe where the quantum-
gravitational effects should be also included) as an initial state for which
Sin is calculated, naturally with certain α > 0 and with entropy
Sin = Sαα = −Sp[ρin ln(ρin)] = −Sp[ρα ln(ρα)] > 0. (56)
Again for the observer making measurements in QM and having no access
to any α > 0 (i.e. having access to α ≈ 0 only) this is associated with a
certain mixed state
Sin = −Sp[ρin ln(ρin)] = −Sp[ρmix ln(ρmix)] > 0 (57)
that is also ambiguously determined. In this way the superscattering oper-
ator determined in [21],[23],[24]
$ : ρin → ρout or $ : ρpure → ρmix
in case under consideration will be of the form
$ : ρmix → ρmix.
Since in this case Sin > 0 and Sout > 0, may be no information loss, then
∆S = Sout − Sin = 0. (58)
The following points of particular importance should be taken into consid-
eration:
1) A study of the information paradox problem in the generalized Quantum
Mechanics (QMFL) provides extended possibilities for interpretation of the
notion of entropy. Indeed, in the classical problem statement [23],[21],[24]
Sin = −Sp[ρin ln(ρin)] is compared with Sout = −Sp[ρout ln(ρout)],i.e. within
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the scope of the above-mentioned entropy density Sα1α2 , introduced in [64],
[66], two different diagonal elements S00 and S
α
α are compared. However,
in the paradigm under consideration one is free to compare S00 to S
0
α or
Sinin = −Sp[ρin ln(ρin)] to Sinout = −Sp[ρin ln(ρout)].
2)Proceeding from this observation and from the results of [64],[66], we
come to the conclusion that the notion of entropy is relative within the
generalized Quantum Mechanics (QMFL) in a sense that it is dependent
on two parameters α1 and α2 characterizing the positions of observer and
observable, respectively. Certainly, as projected to QM, it becomes absolute
since in this case only one parameter α ≈ 0; is measured.
3) As indicated above, within the scope of QMFL it is obvious that the
states close to the origin singularity are always mixed, being associated
with the parameter α > 0 and hence with nonzero entropy. At the same
time, within QM one can have an understanding (at least heuristically),
in what way mixed states are generated by the origin singularity. Actu-
ally, in the vicinity of the origin singularity, i.e. at Planck’s scale (where
the quantum-gravitational effects are considerable) the space-time foam is
formed [34],[78] that from the quantum-mechanical viewpoint is capable of
generating only a mixed state, the components of which are associated with
metrics from the space-time foam with certain probabilities arising from the
partition function for quantum gravitation [34],[68].
7.3 Entropy Bounds,Entropy Density and Holo-
graphic Principle
In the last few years Quantum Mechanics of black holes has been studied
under the assumption that GUR are valid [26],[39]. As a result of this ap-
proach, it is indicated that the evaporation process of a black hole gives
a stable remnant with a mass on the order of the Planck’s Mp. However,
J.Bekenstein in [40] has credited such an approach as problematic, since then
the objects with dimensions on the order of the Planck length ∼ 10−33cm
should have very great entropy thus making problems in regard to the en-
tropy bounds of the black hole remnants [41].
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In connection with this remark of J. Bekenstein [40] the following points
should be emphasized:
I. An approach proposed in [64],[66] and in the present paper gives a deeper
insight into the cause of high entropy for Planck’s black hole remnants,
namely: high entropy density that by this approach at Planck scales takes
place for every fixed observer including that on a customary scale, i.e. on
α ≈ 0. In [66] using the exponential ansatz (section 3) it has been demon-
strated how this density can increase in the vicinity of the singularities with
Sin = S
0
0 ≈ 0
up to
Sout = S
0
1
4
= − < ln[exp(−1/4)]ρpure >= − < ln(ρ∗(1/4)) >= 1
4
.
when the initial state measured by the observer is pure.
As demonstrated in [64],[66], increase in the entropy density will be re-
alized also for the observer moving together with the information flow:
Sout = S
1
4
1
4
> S00 , though to a lesser extent than in the first case. Obviously,
provided the existing solutions for (7) are different from the exponential
ansatz, the entropy density for them S0α2 will be increasing as compared to
S00 with a tendency of α2 to 1/4.
II. In works of J.Bekenstein, [41] in particular, a ”universal entropy bound”
has been used [42]:
S ≤ 2πMR/~, (59)
where M is the total gravitational mass of the matter and R is the radius of
the smallest sphere that barely fits around a system. This bound is, how-
ever, valid for a weakly gravitating matter system only. In case of black hole
remnants under study it is impossible to assume that on Planck scales we
are concerned with a weakly gravitating matter system, as in this case the
transition to the Planck’s energies is realized where quantum-gravitational
effects are appreciable, and within the proposed paradigm parameter α ≈ 0
is changed by the parameter α > 0 or equally QM is changed by QMFL.
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III.This necessitates mentioning of the recent findings of R.Bousso [43],[44],
who has derived the Bekenstein’s ”universal entropy bound” for a weakly
gravitating matter system, and among other things in flat space, from the
covariant entropy bound [45] associated with the holographic principle of
Hooft-Susskind [46],[47],[48].
Also it should be noted that the approach proposed in [66],[17] and in the
present paper is consistent with the holographic principle [46]-[48]. Specif-
ically, with the use of this approach one is enabled to obtain the entropy
bounds for nonblack hole objects of L.Susskind [47]. Of course, in ([17],
section 6) and ([66], section 4) it has been demonstrated, how a well-known
semiclassical Bekenstein-Hawking formula for black hole entropy may be
obtained using the proposed paradigm. Then we can resort to reasoning
from [47]: ”using gedanken experiment, take a neutral non-rotating spheri-
cal object containing entropy S which fits entirely inside a spherical surface
of the area A, and it to collapse to black hole”. Whence
S ≤ A
4l2p
. (60)
Note also that the entropy density matrix Sα1α2 by its definition [64],[66] falls
into 2D objects, being associated with l2min ∼ l2p [17] and hence implicitly
pointing to the holographic principle.
Qualitative analysis performed in this work reveals that the Informa-
tion Loss Problem in black holes with the canonical problem statement
[23],[21],[24] suggests in principle positive solution within the scope of the
proposed method - high-energy density matrix deformation. Actually, this
problem necessitates further (now quantitative) analysis. Besides, it is in-
teresting to find direct relations between the described methods and the
holographic principle. Of particular importance seems a conjecture follow-
ing from [44]:
is it possible to derive GUR for high energies (of strong gravitational field)
with the use of the covariant entropy bound [45] in much the same manner
as R.Bousso [44] has developed the Heisenberg uncertainty principle for the
flat space?
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7.4 Unitarity, non-unitarity and Heisenberg’s algebra
deformation
The above-mentioned unitary and nonunitary transitions may be described
in terms of Heisenberg’s algebra deformation (deformation of commutators)
as well. We use the principal results and designations from [7].In the process
the following assumptions are resultant: 1)The three-dimensional rotation
group is not deformed; angular momentum J satisfies the undeformed SU(2)
commutation relations, whereas the coordinate and momenta satisfy the
undeformed commutation relations [Ji, xj ] = iǫijkxk, [Ji, pj] = iǫijkpk. 2)
The momenta commute between themselves: [pi, pj] = 0, so the translation
group is also not deformed. 3) Commutators [x, x] and [x, p] depend on the
deformation parameter κ with the dimension of mass. In the limit κ →∞
with κ much larger than any energy the canonical commutation relations
are recovered.
For a specific realization of points 1) to 3) the generating GUR are of the
form [7]: (κ-deformed Heisenberg algebra)
[xi, xj ] = −~
2
κ2
iǫijkJk (61)
[xi, pj ] = i~δij(1 +
E2
κ2
)1/2 . (62)
Here E2 = p2 +m2. Note that in this formalism the transition from GUR
to UR, or equally from QMFL to QM with κ → ∞ or from Planck scale
to the conventional one, is nonunitary exactly following the transition from
density pro-matrix to the density matrix in previous sections:
ρ(α 6= 0) α→0−→ ρ.
Then the first arrow I in the formalism of this section may be as follows:
I ′.(GUR,OS, κ ∼Mp) Big Bang−→ (UR, κ =∞)
or what is the same
I ′′.(QMFL,OS, κ ∼Mp) Big Bang−→ (QM, κ =∞),
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where Mp is the Planck mass.
In some works of the last two years Quantum Mechanics for a Black Hole
has been already considered as a Quantum Mechanics with GUR [26],[39].
As a consequence, by this approach the Black Hole is not completely evap-
orated but rather some stable remnants always remain in the process of its
evaporation with a mass ∼Mp. In terms of [7] this means nothing else but
a reverse transition: (κ = ∞) → (κ ∼ Mp). And for an outside observer
this transition is of the form:
II ′.(UR, κ =∞) absorbing BH−→ (GUR, SBH, κ ∼ Mp),
that is
II ′′.(QM, κ =∞) absorbing BH−→ (QMFL, SBH, κ ∼Mp).
So similar to the previous section, two nonunitary inverse transitions
a)I ′, (I ′′) and b)II ′, (II ′′) are liable to generate a unitary transition:
III ′.(GUR,OS, κ ∼Mp) Big Bang−→
(UR, κ =∞) absorbing BH−→ (GUR, SBH, κ ∼Mp)
or to summerize
III ′′.(GUR,OS, κ ∼Mp)→ (GUR, SBH, κ ∼Mp)
In conclusion of this section it should be noted that an approach to the
Quantum Mechanics at Planck Scale using the Heisenberg algebra deforma-
tion (similar to the approach based on the density matrix deformation from
the section3) gives a deeper insight into the possibility of retaining the uni-
tarity and the total quantity of information in the Universe, making possible
the solution of Hawking’s Information Paradox Problem [23],[21],[24].
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7.5 Statistical mechanics deformation and transitions
Naturally, deformation of Quantum Mechanics in the Early Universe is as-
sociated with the Statistical Mechanics deformation as indicated in [51, 52].
In case under consideration this simply implies a transition from the Gen-
eralized Uncertainty Relations (GUR) of Quantum Mechanics to GUR in
Thermodynamics [52],[59, 60]. The latter are distinguished from the normal
uncertainty relations by:
∆
1
T
≥ k
∆U
, (63)
i.e. by inclusion of the high-temperature term into the right-hand side
(section 6 of this chapter)
∆
1
T
≥ k
∆U
+ α′
1
T 2p
∆U
k
+ .... (64)
Thus, denoting the Generalized Uncertainty Relations in Thermodynamics
as GURT and using abbreviation URT for the conventional ones, we obtain
a new form of diagram I from section III (I ′ of section IV respectively):
IT .(GURT,OS)
Big Bang−→ (URT ).
In [51, 52] and section 5 of this chapter the Statistical Mechanics defor-
mation associated with GURT is implicitly assumed by the introduction of
the respective deformation for the statistical density matrix ρstat(τ) where
0 < τ ≤ 1/4. Obviously, close to the Origin Singularity τ ≈ 1/4. Because
of this, arrow IT may be represented in a more general form as
IStat.(GURT,OS, ρstat(τ), τ ≈ 1/4) Big Bang−→ (URT, ρstat, τ ≈ 0).
The reverse transition is also possible. In [26],[39] it has bee shown that Sta-
tistical Mechanics of Black Hole should be consistent with the deformation
of a well-known Statistical Mechanics. The demonstration of an *upper*
bound for temperature in Nature, given by Planck temperature and related
to Black Hole evaporation, was provided in [61]. It is clear that emergence
of such a high temperatures is due to GURT. And we have the following
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diagram that is an analog of diagrams II and II ′ for Statistical Mechanics:
IIStat.(URT, ρstat, τ ≈ 0) absorbing BH−→ (GURT, SBH, ρstat(τ), τ ≈ 1/4).
By this means, combining IStat and IIStat, we obtain IIIStat representing a
complete statistical-mechanics analog for quantum-mechanics diagrams III
and III ′:
IIIStat.(GURT,OS, τ ≈ 1/4) Big Bang, absorbing BH−→
(GURT, SBH, τ ≈ 1/4).
And in this case two nonunitary transitions IStat and IIStat in the end lead
to a unitary transition IIIStat.
8 The Universe as a Nonuniform Lattice in
Finite-Volume Hypercube
In this section a new small parameter associated with the density matrix
deformation (density pro-matrix)studied in previous sections is introduced
into the Generalized Quantum Mechanics (GQM), i.e. quantum mechanics
involving description of the Early Universe. It is noted that this parameter
has its counterpart in the Generalized Statistical Mechanics. Both param-
eters offer a number of merits: they are dimensionless, varying over the
interval from 0 to 1/4 and assuming in this interval a discrete series of val-
ues. Besides, their definitions contain all the fundamental constants. These
parameters are very small for the conventional scales and temperatures,
e.g. the value of the first parameter is on the order of ≈ 10−66+2n, where
10−n is the measuring scale and the Planck scale ∼ 10−33cm is assumed.
The second one is also too small for the conventional temperatures, that
is those much below the Planck’s. It is demonstrated that relative to the
first of these parameters the Universe may be considered as a nonuniform
lattice in the four-dimensional hypercube with dimensionless finite-length
(1/4) edges. And the time variable is also described by one of the above-
mentioned dimensions due to the second parameter and Generalized Uncer-
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tainty Relation in thermodynamics. In this context the lattice is understood
as a deformation rather than approximation [69].
8.1 Definition of lattice
It should be noted that according to subsection 3.2 a minimum measurable
length is equal to l∗min = 2lmin being a nonreal number at point lmin,Sp[ρ(α)].
Because of this, a space part of the Universe is a lattice with a spacing of
amin = 2lmin ∼ 2lp. In consequence the first issue concerns the lattice spac-
ing of any lattice-type model(for example [70, 71]): a selected lattice spacing
alat should not be less than amin,i.e. always alat ≥ amin > 0. Besides, a con-
tinuum limit in any lattice-type model is meaning alat → amin > 0 rather
than alat → 0.
Proceeding from α, for each space dimension we have a discrete series of
rational values for the inverse squares of even numbers nonuniformly dis-
tributed along the real number line α = 1/4, 1/16, 1/36, 1/64, .... A question
arises,is this series somewhere terminated or, on the contrary, is it infinite?
The answer depends on the answers to two other questions:
(1) Is there theoretically a maximum measurability limit for the scales lmax?
and
(2) Is our Universe closed in the sense that its extension may be sometime
replaced by compression, when a maximum extension precisely gives a max-
imum scale lmax?
Should an answer to one of these questions be positive, we should have
0 < l2min/l
2
max ≤ α ≤ 1/4 rather than condition 1 of Definition 1, subsec-
tion 3.1 of this chapter
Note that in the majority of cases all three space dimensions are equal,
at least at large scales, and hence their associated values of α parameter
should be identical. This means that for most cases, at any rate in the
large-scale (low-energy) limit, a single deformation parameter α is sufficient
to accept one and the same value for all three dimensions to a high degree
of accuracy. In the general case, however, this is not true, at least for very
high energies (on the order of the Planck’s), i.e. at Planck scales, due to
noncommutativity of the spatial coordinates [5],[7]:
[xi, xj ] 6= 0.
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In consequence in the general case we have a point with coordinates
α˜ = (α1, α2, α3) in the normal(three-dimensional) cube I
3
1/4 of side I1/4 =
(0; 1/4].
It should be noted that this universal cube may be extended to the four-
dimensional hypercube by inclusion of the additional parameter τ, τ ∈ I1/4
that is generated by internal energy of the statistical ensemble and its tem-
perature for the events when this notion is the case. It will be recalled
that τ parameter occurs from a maximum temperature that is in its turn
generated by the Generalized Uncertainty Relations of ”energy - time” pair
in GUR (see Definition 2 in subsection 5.1 and [51, 52]).
So τ is a counterpart (twin) of α, yet for the Statistical Mechanics. At
the same time, originally for τ nothing implies the discrete properties of
parameter α indicated above:
for τ there is a discrete series (lattice) of the rational values of inverse
squares for even numbers not uniformly distributed along the real number
line: τ = 1/4, 1/16, 1/36, 1/64, ....
Provided such a series exists actually,
The finitness and infinity question for this series amounts to two other ques-
tions:
(1) Is there theoretically any minimum measurability limit for the average
temperature of the Universe Tmin 6= 0 and
(2) Is our Universe closed in a sense that its extension may be sometime
replaced by compression? Then maximum extension just gives a minimum
temperature Tmin 6= 0.
The question concerning the discretization of parameter τ is far from be-
ing idle. The point is that originally by its nature this parameter seems
to be continuous as it is associated with temperature. Nevertheless, in
the following section we show that actually τ is dual in nature: it is di-
rectly related to time that is in turn quantized,in the end giving a series
τ = 1/4, 1/16, 1/36, 1/64, ....
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8.2 Dual nature of parameter τ and its temporal as-
pect
In this way when at point α˜ of the normal (three-dimensional) cube I31/4
of side I1/4 = (0; 1/4] an additional ”temperature” variable τ is added, a
nonuniform lattice of the point results, where we denote α˜τ = (α˜, τ) =
(α1, α2, α3, τ) at the four-dimensional hypercube I
4
1/4, every coordinate of
which assumes one and the same discrete series of values: 1/4, 1/16,
1/36,1/64,..., 1/4n2,... .(Further it is demonstrated that τ is also taking
on a discrete series of values.) The question arises, whether time ”falls”
within this picture. The answer is positive. Indeed, parameter τ is dual
(thermal and temporal) in nature owing to introduction of the Generalized
Uncertainty Relations in Thermodynamics (GURT) ([59],[60],[52] and sec-
tion 6):
∆
1
T
≥ k
∆U
+ α′
1
T 2p
∆U
k
+ ...,
where k - Boltzmann constant, T - temperature of the ensemble, U - its
internal energy. A direct implication of the latter inequality is occurrence
of a ”maximum” temperature Tmax that is inversely proportional to ”mini-
mal” time tmin ∼ tp:
Tmax =
~
2
√
α′tpk
=
~
∆tmink
However, tmin follows from the Generalized Uncertainty Relations in Quan-
tum Mechanics for ”energy-time” pair ([51],[52] and section 5):
∆t ≥ ~
∆E
+ α′t2p
∆E
~
.
Thus, Tmax is the value relating GUR and GURT together (see sections 5,6
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and [59],[60],[52]) 

∆x ≥ ~
∆p
+ α′L2p
∆p
~
+ ...
∆t ≥ ~∆E + α′t2p
∆E
~
+ ...
∆ 1T ≥
k
∆U + α
′ 1
T 2p
∆U
k
+ ...,
(65)
, since the thermodynamic value Tmax (GURT) is associated with the
quantum-mechanical one Emax (GUR) by the formula from section 5:
Tmax =
Emax
k
The notion of value tmin ∼ 1/Tmax is physically crystal clear, it means a min-
imum time for which any variations in the energy spectrum of every physical
system may be recorded. Actually, this value is equal to t∗min = 2tmin ∼ tp as
at the initial points lmin and Tmax the spurs of the quantum-mechanical and
statistical density pro-matrices ρ(α) and ρstat(τ) are complex, determined
only beginning from 2lmin and T
∗
max =
1
2
Tmax [17],[52] that is associated
with the same time point t∗min = 2tmin. For QMFL this has been noted in
the previous section.
In such a manner a discrete series l∗min, 2l
∗
min,... generates in QMFL the dis-
crete time series t∗min, 2t
∗
min, ..., that is in turn associated (due to GURT)with
a discrete temperature series T ∗max,
1
2
T ∗max, ... . From this it is inferred that a
”temperature” scale τ may be interpreted as a ”temporal” one τ = t2min/t
2.
In both cases the generated series has one and the same discrete set of values
for parameter τ :τ = 1/4, 1/16, 1/36, 1/64, ..., 1/4n2,... .. Thus, owing to
time quantization in QMFL, one is enabled to realize quantization of tem-
perature in the generalized Statistical Mechanics with the use of GURT.
Using Latα˜, we denote the lattice in cube I
3
1/4 formed by points α˜, and
through Latτα˜ we denote the lattice in hypercube I
4
1/4 that is formed by
points α˜τ = (α˜, τ).
45
8.3 Quantum theory
for the lattice in hypercube
Any quantum theory may be defined for the indicated lattice in hypercube.
To this end, we recall the principal result of subsection 4.4 as Definition
1′ in this section with α changed by α˜:
Definition 1′ Quantum Mechanics with Fundamental Length
(Shro¨dinger’s picture)
Here, the prototype of Quantum Mechanical normed wave function (or the
pure state prototype) ψ(q) with
∫ |ψ(q)|2dq = 1 in QMFL is ψ(α˜, q) =
θ(α˜)ψ(q). The parameter of deformation α˜ ∈ I31/4. Its properties are
|θ(α˜)|2 < 1, lim
|α˜|→0
|θ(α˜)|2 = 1 and the relation |θ(αi)|2 − |θ(αi)|4 ≈ αi
takes place. In such a way the total probability always is less than 1:
p(α˜) = |θ(α˜)|2 = ∫ |θ(α˜)|2|ψ(q)|2dq < 1 tending to 1, when ‖α˜‖ → 0. In
the most general case of the arbitrarily normed state in QMFL(mixed state
prototype) ψ = ψ(α˜, q) =
∑
n anθn(α˜)ψn(q) with
∑
n |an|2 = 1 the total
probability is p(α˜) =
∑
n |an|2|θn(α˜)|2 < 1 and lim
‖α˜‖→0
p(α˜) = 1.
It is natural that Shro¨dinger equation is also deformed in QMFL. It is
replaced by the equation
∂ψ(α˜, q)
∂t
=
∂[θ(α˜)ψ(q)]
∂t
=
∂θ(α˜)
∂t
ψ(q) + θ(α˜)
∂ψ(q)
∂t
, (66)
where the second term in the right-hand side generates the Shro¨dinger equa-
tion as
θ(α˜)
∂ψ(q)
∂t
=
−iθ(α˜)
~
Hψ(q). (67)
Here H is the Hamiltonian and the first member is added similarly to the
member that appears in the deformed Liouville equation, vanishing when
θ[α˜(t)] ≈ const. In particular, this takes place in the low energy limit in
QM, when ‖α˜‖ → 0. It should be noted that the above theory is not a time
reversal of QM because the combination θ(α˜)ψ(q) breaks down this property
in the deformed Shro¨dinger equation. Time-reversal is conserved only in the
low energy limit, when a quantum mechanical Shro¨dinger equation is valid.
According to Definition 1′everywhere q is the coordinate of a point at the
three-dimensional space. As indicated in [13]–[17] and section 3.2, for a
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density pro-matrix there exists an exponential ansatz satisfying the formula
(7) of Definition 1, section 3.1:
ρ∗(α) =
∑
i
ωiexp(−α)|i >< i|, (68)
where all ωi > 0 are independent of α and their sum is equal to 1. In
this way Sp[ρ∗(α)] = exp(−α). Then in the momentum representation
α = p2/p2max, pmax ∼ ppl,where ppl is the Planck momentum. When present
in matrix elements, exp(−α) damps the contribution of great momenta in
a perturbation theory.
It is clear that for each of the coordinates qi the exponential ansatz makes
a contribution to the deformed wave function ψ(α˜, q) the modulus of which
equals exp(−αi/2) and, obviously, the same contribution to the conjugate
function ψ∗(α˜, q). Because of this, for exponential ansatz one may write
ψ(α˜, q) = θ(α˜)ψ(q), (69)
where |θ(α˜)| = exp(−∑i αi/2). As noted above, the last exponent of the
momentum representation reads exp(−∑i p2i /2p2max) and in this way it re-
moves UV (ultra-violet) divergences in the theory. It follows that α˜ is a
new small parameter. Among its obvious advantages one could name:
1) its dimensionless nature,
2) its variability over the finite interval 0 < αi ≤ 1/4. Besides, for the
well-known physics it is actually very small: α ∼ 10−66+2n, where 10−n is
the measuring scale. Here the Planck scale ∼ 10−33cm is assumed;
3)and finally the calculation of this parameter involves all three fundamen-
tal constants, since by Definition 1 of subsection 3.1 αi = l
2
min/x
2
i , where xi
is the measuring scale on i-coordinate and l2min ∼ l2pl = G~/c3.
Therefore, series expansion in αi may be of great importance. Since all the
field components and hence the Lagrangian will be dependent on α˜, i.e.
ψ = ψ(α˜), L = L(α˜), quantum theory may be considered as a theory of
lattice Latα˜ and hence of lattice Lat
τ
α˜.
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8.4 Introduction of quantum field theory and initial
analysis
With the use of this approach for the customary energies a Quantum Field
Theory (QFT) is introduced with a high degree of accuracy. In our context
”customary” means the energies much lower than the Planck ones.
It is important that as the spacing of lattice Latτα˜ is decreasing in inverse
proportion to the square of the respective node, for a fairly large node num-
ber N > N0 the lattice edge beginning at this node ℓN,N+1 [13]–[17] will be
of length ℓN,N+1 ∼ 1/4N3, and by this means edge lengths of the lattice are
rapidly decreasing with the spacing number. Note that in the large-scale
limit this (within any preset accuracy)leads to parameter α = 0, pure states
and in the end to QFT. In this way a theory for the above-described lattice
presents a deformation of the originally continuous variant of this theory as
within the developed approach continuity is accurate to ≈ 10−66+2n, where
10−n is the measuring scale and the Planck scale ∼ 10−33cm is assumed.
Whereas the lattice per se Latτα˜ may be interpreted as a deformation of the
space continuum with the deformation parameter equal to the varying edge
length ℓα1τ1 ,α
2
τ2
, where α1τ1 and α
2
τ2
are two adjacent points of the lattice Latτα˜.
Proceeding from this, all well-known theories including ϕ4, QED, QCD and
so on may be studied based on the above-described lattice.
Here it is expedient to make the following remarks:
(1) going on from the well-known energies of these theories to
higher energies (UV behavior) means a change from description
of the theory’s behavior for the lattice portion with high edge
numbers to the portion with low numbers of the edges;
(2) finding of quantum correction factors for the primary defor-
mation parameter α˜ is a power series expansion in each αi. In
particular, in the simplest case (Definition 1′ of subsection 8.3
)means expansion of the left side in relation |θ(αi)|2 − |θ(αi)|4 ≈ αi:
|θ(αi)|2 − |θ(αi)|4 = αi + a0α2i + a1α3i + ...
and calculation of the associated coefficients a0, a1, .... This approach
to calculation of the quantum correction factors may be used in the formal-
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ism for density pro-matrix (Definition 1 of subsection 3.1). In this case,
the primary relation (7) of Definition 1, section 3.1 may be written in the
form of a series
Sp[ρ(α)]− Sp2[ρ(α)] = α+ a0α2 + a1α3 + .... (70)
As a result, a measurement procedure using the exponential ansatz may
be understood as the calculation of factors a0,a1,... or the definition of
additional members in the exponent ”destroying” a0,a1,... [66]. It is easy to
check that the exponential ansatz gives a0 = −3/2, being coincident with
the logarithmic correction factor for the Black Hole entropy [31].
Most often a quantum theory is considered at zero temperature T = 0, in
this context amounting to nesting of the three-dimensional lattice Latα˜ into
the four-dimensional one: Latτα˜:Latα˜ ⊂ Latτα˜ and nesting of the cube I31/4
into the hypercube I41/4 as a bound given by equation τ = 0. However, in the
most general case the points with nonzero values of τ may be important as
there is a possibility for nonzero temperature T 6= 0 (quantum field theory
at finite temperature) that is related to the value of τ parameter, though
very small but still nonzero: τ 6= 0. To illustrate: in QCD for the normal
lattice [72] a critical temperature Tc exists so that the following is fulfilled:
at
T < Tc
the confinement phase occurs,
and for
T > Tc
the deconfinement is the case.
A critical temperature Tc is associated with the ”critical” parameter τc =
T 2c /T
2
max and the selected bound of hypercube I
4
1/4 set by equation τ = τc >
0.
9 Spontaneous Symmetry Breakdown and
Restoration in a Model with Scalar Fields
This section presents applications of the previous results and [16],[17],[69]
to the symmetry breaking and restoration problem, using so far simple
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models with scalar fields common in cosmology [79],[82]. In other words, the
author’s interest is focused at spontaneous breaking and restoration of the
symmetry in α-deformations of the associated theories. And α-deformation
of wave functions, i.e. fields, in QFT is of the following form (section 4):
ψ(x) 7→ ψ(α, x) =| θ(α) | ψ(x). (71)
Here
| θ(α) |= exp(−α/2) (72)
or
θ(α) = ±exp(−α/2)(cosγ ± isinγ). (73)
Further in the text (section 9) it is assumed that
1) α of the exponential factor in formula (72) is the same for all space
coordinates α1, α2, α3 of a point of lattice Lat
τ
α˜. This means that as yet
the noncommutativity effect is of no special importance, and parameter α
is determined by the corresponding energy scale;
2) parameter α is dependent on time only α = α(t). This condition is
quite natural since α plays a part of the scale factor and is most often de-
pendent solely on time(especially in cosmology [79],[80]);
3) as all physical results should be independent of a selected normaliza-
tion θ(α), subsequent choice of the normalization will be
θ(α) = exp(−α/2), (74)
that is γ = 0.
First, take a well-known Lagrangian for a scalar field [82]:
L =
1
2
(∂µφ)
2 +
1
2
µ2φ2 − 1
4
λφ4, (75)
where λ > 0.
Because of the transformation in the above deformation
φ⇒ φ(α) = exp(−α
2
)φ, (76)
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where α = α(t), α is a deformed Lagrangian of the form
L(α) =
1
2
(∂µφ(α))
2 +
1
2
µ2φ(α)2 − 1
4
λφ(α)4. (77)
It should be noted that a change from Lagrangian to the Hamiltonian for-
malism in this case is completely standard [74] with a natural changing of
φ by φ(α). Consequently, with the use of a well-known formula
H(α) = pq˙ − L(α) (78)
we obtain
H(α) =
1
2
(∂0φ(α))
2 +
1
2
3∑
i=1
(∂iφ(α))
2 − 1
2
µ2φ(α)2 +
1
4
λφ(α)4. (79)
We write the right-hand side of (79) so as to solve it for φ and α. As α is
depending solely on time, the only nontrivial term (to within the factor of
1/2) in the right-hand side of (79) is the following:
(∂0φ(α))
2 = exp(−α)(1
4
α˙2φ2 − α˙φ∂0φ+ (∂0φ)2)
.
Thus, α - deformed Hamiltonian H(α) is rewritten as
H(α) = exp(−α)[−1
2
α˙φ∂0φ+
1
2
3∑
j=0
(∂jφ)
2+(
1
8
α˙2− 1
2
µ2)φ2+
1
4
exp(−α)λφ4].
To find a minimum of H(α), we make its partial derivatives with respect φ
and α equal to zero

∂H(α)
∂φ
= exp(−α)[−1
2
α˙∂0φ
+(1
4
α˙2 − µ2)φ+ exp(−α)λφ3] = 0
∂H(α)
∂α
= −exp(−α)[−1
2
α˙φ∂0φ+
1
2
∑3
j=0(∂jφ)
2+
(1
8
α˙2 − 1
2
µ2)φ2 + 1
2
exp(−α)λφ4] = 0
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That is equivalent to

∂H(α)
∂φ
∼ [−1
2
α˙∂0φ+ (
1
4
α˙2 − µ2)φ+ exp(−α)λφ3] = 0
∂H(α)
∂α
∼ [−1
2
α˙φ∂0φ+
1
2
∑3
j=0(∂jφ)
2
+(1
8
α˙2 − 1
2
µ2)φ2 + 1
2
exp(−α)λφ4] = 0
Now consider different solutions for (80) or (80).
I. In case of deformation parameter α weakly dependent on time
α˙ ≈ 0. (80)
Most often this happens at low energies (far from the Planck’s).
Actually, as α = l2min/a(t)
2, where a(t) is the measuring scale, (80) is nothing
else but α ≈ 0. And the process takes place at low energies or at rather
high energies but at the same energy scale, meaning that scale factor a(t)−2
is weakly dependent on time. The first case is no doubt more real. In both
cases, however, we have a symmetry breakdown and for minimum of σ˜ in
case under consideration
σ˜ = ±µλ−1/2exp(α/2). (81)
Based on the results of [17],[69], it follows that
< 0 | φ | 0 >α= exp(−α) < 0 | φ | 0 >, (82)
and we directly obtain
< 0 | σ˜ | 0 >α= ±µλ−1/2exp(−α/2).. (83)
Then in accordance with the exact formula [82],[74] we shift the field φ(α)
φ(α)⇒ φ(α)+ < 0 | σ˜ | 0 >α= exp(−α/2)(φ+ σ) = φ(α) + σ(α), (84)
where σ = ±µλ−1/2- minimum in a conventional nondeformed case [82].
When considering α - deformed Lagrangian (77) for the shifted field φ+ σ
L(α) = L(α, φ+ σ), (85)
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we obtain as expected a massive particle the squared mass of that contains,
compared to a well-known case, the multiplicative exponential supplement
exp(−α)
m2φ = 2µ
2exp(−α), (86)
leading to the familiar result for low energies or correcting the particle’s
mass in the direction of decreasing values for high energies.
II. Case of α˙ 6= 0.
This case is associated with a change from low to higher energies or vice
versa. This case necessitates the following additional assumption:
∂0φ ≈ 0. (87)
What is the actual meaning of the assumption in (87)? It is quite under-
standable that in this case in α - deformed field φ(α) = exp(−α(t)
2
)φ the
principal dependence on time t is absorbed by exponential factor exp(−α(t)
2
).
This is quite natural at sufficiently rapid changes of the scale (conforming
to the energy) that is just the case in situation under study.
Note that in the process a change from Lagrangian to the Hamiltonian for-
malism (78) for α - deformed Lagrangian L(α) (77) holds true since, despite
the condition of (87), we come to
∂0φ(α) 6= 0 (88)
due to the presence of exponential factor exp(−α(t)
2
).
Proceed to the solution for (80) (and respectively (80)). Taking (87) into
consideration, for a minimum of σ˜ in this case we obtain
σ˜ = ±(µ2 − 1
4
α˙2)1/2λ−1/2exp(α/2). (89)
So, the requisite for the derivation of this minimum will be as follows:
4µ2 − α˙2 ≥ 0 (90)
or with the assumption of µ > 0
−2µ ≤ α˙ ≤ 2µ. (91)
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Assuming that α(t) is increasing in time, i.e. on going from low to higher
energies and with α˙ > 0, we have
0 < α˙ ≤ 2µ (92)
or
α(t) ≤ 2µt. (93)
From where it follows that on going from low to higher energies, i.e. with
increasing energy of model (77), two different cases should be considered.
IIa. Symmetry breakdown when α(t) < 2µt
σ˜ = ±(µ2 − 1
4
α˙2)1/2λ−1/2exp(α/2).
IIb. Symmetry restoration when α(t) = 2µt as in this case
σ˜ = 0.
Because of α(t) ∼ a(t)−2, these two cases IIa and IIb may be interpreted
as follows: provided a(t) increases more rapidly than (2µt)−1/2 (to within
a familiar factor), we have a symmetry breakdown at hand as in the con-
ventional case (75), whereas for similar increase a symmetry restoration
occurs. This means that at sufficiently high energies associated with scale
factor a(t) ∼ (2µt)−1/2 the broken symmetry is restored.
Provided that in this case the time dependence of a(t) is exactly known,
then by setting the equality
a(t) = lmin(2µt)
−1/2
and solving the above equation we can find tc - critical time for the symme-
try restoration. Then the critical scale (critical energies)
a(tc) = lmin(2µtc)
−1/2,
actually the energies whose symmetry is restored, and finally the corre-
sponding critical point of the deformation parameter
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α(tc) = l
2
mina(tc)
−2 = 2µtc.
This point is critical in a sense that for all points with the deformation
parameter below its critical value
α(t) < α(tc)
the symmetry breakdown will be observed. Obviously, in case under study
the energy is constantly growing with corresponding lowering of the scale
and hence
a(t) ∼ tξ, ξ < 0.
Of particular interest is a change from high to lower energies. This is asso-
ciated with the fact that all cosmological models may be involved, i.e. all
the cases where scale a(t) is increased due to the Big Bang [79],[80].
For such a change with the assumption that α(t) diminishes in time and
α˙ < 0 we obtain
−2µ ≤ α˙ < 0. (94)
Since by definition α(t) > 0 is always the case and considering α(t) as a
negative increment (i.e. dα(t) < 0), we come to the conclusion that the case
under study is symmetric to IIa and IIb.
IIc. For fairly high energies, i.e. for α(t) = 2µt or scale a(t) that equals to
(2µt)−1/2(again to within the familiar factor), there is no symmetry break-
down in accordance with case IIb.
IId. On going to lower energies associated with α(t) < 2µt there is a
symmetry breakdown in accordance with case IIa and with the formula of
(89). Note that in this case energy is lowered in time and hence the scale is
growing, respectively. Because of this,
a(t) ∼ tξ, ξ > 0.
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For the specific cases with exactly known relation between a(t) and t one
can determine the points without the symmetry breakdown. In cosmology
[80] in particular we have
1) in a Universe dominated by nonrelativistic matter
a(t) ∝ t2/3,
i.e.
a(t) ≈ a1t2/3.
From whence at the point of unbroken symmetry
a1t
2/3 ≈ (2µt)−1/2, (95)
directly giving the critical time tc
tc ≈ (2µ)−3/7a−6/71 , (96)
and for t > tc the symmetry breakdown is observed (case IId).
In much the same manner
2) in the Universe dominated by radiation
a(t) ∝ t1/2,
i.e.
a(t) ≈ a2t1/2
from where for tc we have
tc ≈ (2µ)−1/2a−12 , (97)
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and again for t > tc the symmetry is broken.
Here it is interesting to note that despite the apparent symmetry of cases
IIa,IIb and IId , IIc, there is one important distinction.
In cases IId and IIc time t is usually (in cosmological models as well [79],[80])
counted from the Big Bang moment and therefore fits well to the associated
time (temperature) coordinate of the lattice Latτα˜ (section 8 and [69],[52]).
As a result, when the critical time tc is known, one can find the critical
point of the above-mentioned lattice as follows: (αc, τc) = (α˜c, τc), where all
the three coordinates of the space part Latτα˜, i.e. in (α˜c), are equal to
αc = l
2
mina(tc)
−2,
and
τc = T
2
c /T
2
max,
where Tc ∼ 1/tc ((45) in section 6 and [52],[59],[60]).
Thus, in these cases all points Latτα˜, for which the following conditions are
satisfied: {
α < αc,
τ < τc
(98)
are associated with a symmetry breakdown, whereas at the critical point
(αc, τc) no symmetry breakdown occurs. As seen from all the above formu-
lae, the point of the retained symmetry is associated with higher temper-
atures and energies than those (98), where a symmetry breakdown takes
place, in qualitative agreement with the principal results of [82].
Note that for cases IIa and IIb time t is a certain local time of the quantum
process having no direct relation to the time (temperature) variable of lat-
tice Latτα˜. Because of this, it is possible to consider only the critical value
at the space part Latα˜ [69],[83] of lattice Lat
τ
α˜, i.e. αc ∈ Latα˜, all other
inferences remaining true with a change of (98) by
α < αc. (99)
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However, provided there is some way to find temperature Tc that is as-
sociated with a symmetry restoration(e.g, [82] case IIb), one can directly
calculate τc and finally change (99)by (98).
In any case conditions 0 < α ≤ 1/4; 0 < τ ≤ 1/4 (sections 3,5 and [16],
[17],[52],[69],[83]) impose constraints on the model parameters (98) and
hence on µ, which may be found in the explicit form by solving the fol-
lowing inequality:
0 < αc ≤ 1/4.
Thus, from primary analysis of such a simple model as (75) it is seen that
its α - deformation (77) contributes considerably to widening the scope of
possibilities for a symmetry breakdown and restoration.
1) At low energies (far from the Planck’s) it reproduces with a high ac-
curacy (up to exp(−α) ≈ 1) the results analogous to those given by a
nondeformed theory [82].
2) On going from low to higher energies or vice versa it provides new cases
of a symmetry breakdown or restoration depending on the variation rate of
the deformation parameter in time, being capable to point to the critical
points of the earlier considered lattice Latτα˜ , i.e. points of the symmetry
restoration.
3) This model makes it possible to find important constraints on the pa-
rameters of the initial model having an explicit physical meaning.
It should be noted that for α - deformed theory (77) there are two reasons
to be finite in ultraviolet:
- cut-off for a maximum momentum pmax;
- damping factors of the form exp(−α), where in the momentum repre-
sentation we have α = p2/p2max in each order of a perturbation theory are
suppressing the greatest momenta. This aspect has been already touched
upon in section 3.2.
As a result, some problems associated with a conventional theory [82] (di-
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vergence and so on) in this case are nonexistent.
10 Conclusion
In conclusion the scope of problems associated with the above-mentioned
methods is briefly outlined.
I.Involvement of Heisenberg’s Algebra Deformation
One of the major problems associated with the proposed approach to inves-
tigation of Quantum Mechanics of the Early Universe is an understanding of
its relation to the Heisenberg’ s algebra deformation(e.g. see [7]). It should
be noted that from the author’s point of view the latter has two serious
disadvantages:
1) the deformation parameter is a dimensional variable κ with a dimension
of mass;
2) in the limiting transition to QM this parameter goes to infinity and fluc-
tuations of other values are hardly sensitive to it.
At the same time, the merit of this approach is its ability with particular
assumptions to reproduce the Generalized Uncertainty Relations.
The proposed approach is free from such limitations as 1) and 2), since the
deformation parameter is represented by the dimensionless quantity α and
the variation interval α is finite 0 < α ≤ 1/4. However, it provides no di-
rect reproduction of the Generalized Uncertainty Relations. This approach
is applicable in the general cases of Quantum Mechanics with Fundamental
Length irrespective of the fact whether it is derived from the Generalized
Uncertainty Relations or in some other way.
It should be noted that a present-day approach to the description of Quan-
tum Mechanics at Planck’s scales is termed more generally: Lie-algebraic
deformation. There is a reason to believe that the approach developed by
the author in the above-mentioned papers is consistent with the research
trend associated with Lie-algebraic deformation [6],[7],[36],[84], [85], prob-
ably being its extension. At first, the author’s interest has been focused
at possible variations in the measurement procedure with the appearance
of the fundamental length (i.e. close to the space-time singularities, where
the quantum gravitational effects are significant) rather than at kinematics
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[1]). Because of this, the density matrix and average values of the operators
were subjected to deformation as the principal objects. In this approach
the chosen deformation parameter α has an explicit physical meaning: it
indicates an extent to which the energies under study are differing from a
maximum energy. The main inferences from this approach are concerned
with a quantum theory of black holes [13],[17],[64],[66], [67] extension of
the entropy concept in particular. So, the author’s motivation in the de-
velopment of this approach is elucidation of the inferences introduced into
a quantum theory of black holes with the involvement of the fundamental
length. As noted above, these inferences are quite numerous and they are
fairly adequate within the present day paradigm, extending it without ap-
parent conflict. Of course, compared to [6],[7],[36],[84], [85], in the proposed
approach (density matrix deformation) noncommutativity of the space co-
ordinates is not used in principle. At the same time, this feature is not
inconsistent with the proposed approach. In this way the approach necessi-
tates further investigation and extension. Unfortunately, the author is still
in search for the algebraic base of the density-matrix deformation approach
that could be used in description of quantum mechanics of the Early Uni-
verse, since his interest so far has been concerned primarily with various
physical inferences and applications of the approach. It should be noted
that these inferences are similar for different approaches: black mini-holes
with a mass on the order of Planck’s ∼ Mp are stable both in the density
matrix deformation approach [17]) and Generalized Uncertainty Relations
approach [26].
Because of this, involvement of the both approaches in deformation of Quan-
tum Mechanics is of particular importance.
II. The Approach as Applied to a Quantum Theory of Black Holes
2.1 Bekenstein-Hawking formula strong derivation
This paper presents certain results pertinent to the application of the above
methods in a Quantum Theory of Black Holes (subsections 4.2, 4.3). Fur-
ther investigations are still required in this respect, specifically for the com-
plete derivation of a semiclassical Bekenstein-Hawking formula for the Black
Hole entropy, since in subsection 4.3 the treatment has been based on the
demonstrated result: a respective number of the degrees of freedom is equal
to A, where A is the surface area of a black hole measured in Planck’s units
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of area L2p (e.g.[22],[29]). Also it is essential to derive this result from the
basic principles given in this paper. Problems 2.1 and 2.2 are related.
2.2 Calculation of quantum corrections to the Bekenstein-
Hawking formula.
In subsection 8.4 for the introduced logarithmic correction it has been noted
(see for example [31]) that it is coincident with coefficient a0 in formula (70):
Sp[ρ(α)]− Sp2[ρ(α)] = α + a0α2 + a1α3 + ...
when using the exponential ansatz. It is clear that such a coincidence is not
accidental and further investigations are required to elucidate this problem.
2.3 Quantum mechanics and thermodynamics of black holes with
GUR
Of interest is to consider the results of [26], [39] as related to the quantum-
mechanical studies and thermodynamics of black holes with GUR assumed
valid rather than the Heisenberg Uncertainty Relations. This is directly
connected to the above-mentioned problem of the associations between the
density matrix deformation considered in this work and Heisenberg’s alge-
bra deformation.
2.4 Singularities and cosmic censorship hypothesis
In subsection 4.2 a slight recourse has been made to the case when
Schwarzshild radius is r = 0 that is associated with going to value α = 1
and finally to a complex value of the density pro-matrix trace Sp[ρ(α)]. It
should be noted that the problem of singularities is much more complex
[19], [20],[73] and is presently treated both physically and mathematically.
It seems interesting to establish the involvement of the results obtained by
the author in solving of this problem.
III. Divergence in Quantum Field Theory
It is obvious that once the fundamental length is included into a Quantum
Theory, ultra-violet (UV) divergences should be excluded due to the pres-
ence of a maximum momentum determining the cut-off [1]. In case under
study this is indicated by the presence of an exponential ansatz (subsec-
tion 3.2). Note, however, that for any particular theory it is essential to
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derive the results from the basic principles with high accuracy and in good
agreement with the already available ones and with the experimental data
of QFT for the UV region without renormalization [74, 75].
IV. The Approach as Applied to Inflation Cosmology As we con-
cern ourselves with the Early Universe (Planck’s energies), the proposed
methods may be applied in studies of inflation cosmology [12, 35, 76, 80],
especially as Wheeler-DeWitt Wave Function of the Universe Ψ [18] is re-
liably applicable in a semiclassical approximation only [77]. The problem
is formulated as follows: on what conditions and in what way the density
pro-matrix ρ(α) or its respective modification may be a substitute for Ψ in
inflation models?
Besides, it is interesting to find, to what changes may be subjected the cos-
mological perturbations attached to inflation according to the deformation
of Quantum Mechanics considered in the present paper. It is necessary to
elucidate possible changes in the quantum-mechanical origin [81] and their
inferences directly applicable to the inflation theory
V. High-Energy Deformation of Gravitation
Since this work actually presents a study of physics at Planck’s scales, it is
expedient to consider quantum-gravitational effects which should be incor-
porated for specific energies. As a development of the proposed approach
this means the construction of an adequate deformation of the General Rel-
ativity including parameter α, i.e. deformation of Einstein’s Equations and
the associated Lagrangian involving parameter α. Then the question arises:
and what about the space-time quantization? The author holds the view-
point that as the first approximation of a quantized space-time one can
use a portion of the Nonuniform Lattice Latτα˜ described in section 8 that
is associated with small-number nodes or with high-valued parameters α˜
and τ ,just which are used to define the physics at Planck scale where the
quantum-gravitational effects are considerable. In this approximation for
the prototype of a point in the General Relativity may be taken an ele-
mentary cell, i.e. as an element of the above-mentioned lattice with small-
number neighboring nodes. Then the associated deformation of Einstein’s
should be considered exactly in this cell.
Note that this section involves all the problems considered in I-IV.
In summary it might be well to make three general remarks.
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1) It should be noted that in some well-known papers on GUR and Quan-
tum Gravity (e.g. see [1, 4, 6, 7]) there is no mention of any measuring
procedure. However, it is clear that this question is crucial and it cannot
be ignored or passed over in silence. We would like to remark that the mea-
suring rule used in [36], (formula (5)) is identical to the ours. In this paper
the proposed measuring rule (5) is a good initial approximation to the ex-
act measuring procedure of QMFL. Corrections to this procedure could be
defined by an adequate and fully established description of the space-time
foam (see [34],[78]) at Planck’s scale.
2) One of the principal issues of the present work is the development of
a unified approach to study all the available quantum theories without ex-
ception owing to the proposed small dimensionless deformation parameter
α˜τ ∈ Latτα˜ that is in turn dependent on all the fundamental constants G, c, ~
and k.
Thus, there is reason to believe that lattices Latα˜ and Lat
τ
α˜ may be a uni-
versal means to study different quantum theories. This poses a number of
intriguing problems:
(1) description of a set of lattice symmetries Latα˜ and Lat
τ
α˜;
(2) for each of the well-known physical theories (ϕ4,QED,QCD and so on)
definition of the selected (special) points (phase transitions, different sym-
metry violations and so on) associated with the above-mentioned lattices.
3) As it was noted in [2], advancement of a new physical theory implies the
introduction of a new parameter and deformation of the precedent theory
by this parameter. In essence, all these deformation parameters are funda-
mental constants: G, c and ~ (more exactly in [2] 1/c is used instead of c).
As follows from the above results, in the problem from [2] one may redeter-
mine, whether a theory we are seeking is the theory with the fundamental
length involving these three parameters by definition: Lp =
√
G~
c3
. Notice
also that the deformation introduced in this paper is stable in the sense
indicated in [2].
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